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Integer programming —
branch and bound method

x* - F(x*) = rélin F(x)
X€Dxc

Dyc =D, N {x(s) cC s=1,2,..,5} integer decision variables

Special case
Dyc = {x1, %3, ..., X } — finite set, k — large number

Dy = {0, 1} -binary programming
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Classic problems
Transportation problem

I —the number of suppliers

1 @ J —the number of recipients

x() —the number of units of goods delivered

by i — th supplier to j — th receiver

)]
l X @ cij — the cost of transport from i — th supplier to

Jj —th receiver
a; —amount of goods belonging to i — th supplier
I @ b; — demand for goods of j — th receiver
i=1,2,..,1 j=12,..]
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The goal function — the total cost of transport:

I
F(x) = ZZ cij xW)

i=1j=1
Constraints:

]
}}WﬂSaii=LZmJ
j=1

I
Zx(ij) =b j=12,..,]
i=1

x>0 xWeetr i=1,2,..,1
w) j=12,..,]
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The choice of variant

The set of I facilities is given and | methods of modernization are available. The
choice of j-th method to modernize i-th facility involves costs ¢;; (i=1,2,..,1,
j=1,2,..,]). Revenues during modernization are dl-j. The problem is to assign
methods of modernization to facilities in such a way, that total revenue do not fall
below d, and the total cost of modernization is minimal.

Decision variables

—

1 i-th facility is modernized using j-th method
(ij) —
X ==

0 otherwise
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The goal function

I
F(x) = z Z cijxW)

i=1 j=1
Constraints
I
i=1j=1
I
Zx(ij) =1 i=1,2,..1 only one method may
i=1 be chosen to

modernize i-th facility

xWef01} i=12..,1j=12..,]
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Knapsack problem

Given a set of items, each with a mass and a value, determine the number of
each item to include in a collection so that the total weight is less than or equal

to a given limit and the total value is as large as possible.

Notation: _

The goal function:
cs— value of s-th item S o 1 o-th item
dg — mass of s-th item Fx) = Z CsX™7,X77 =17 0  otherwise

s=1

d — permissible mass _
Constraints:

S
2 dx® < d
s=1
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Branch and bound method

x* - F(x*) = xrélzi)n F(x)

F(x) F (D) - estimation of the function F on the set D
F(D) =inf F(x)
x€D
Properties:
D,cD,cD
o .
F(D1) = F(D,)
F({x}) = F(x)
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n=0J,=1 Dy: X1 ~F (Dg) =1{Dgq = D}
M
Dy1 = U Do
m:1 ¢
fim Di_101 Dgo1 Dk+1,\o1A DM{A
x11~F(Dy1) -+ X1—1~F(Dik-1) X1k+1~F (D1g41) X1m~F (D1nm)
x1k~7:(D1k)
i ‘//\
n=2/,=2M-1 D11 Dmik  Dumak
\
v

xS,M—l"’?(DZ,M—l)

*

Xop~F(Dyg) -+ x;,k—1+m~~7:(D2,k—1+m)'” x;,k—1+M“’T(Dz,k—1+M)
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Step0: Dy ={Dyc =Dp1L,n=0,Jp =1

Step 1: Determineaset D" € D,
F(D") =Zgr61%)r:lT(D)

Step 2: Checking whether D* isaset? ({x*} = D*)
orx* ~F(D*)i.e. F(D*) = F(x*) x* € D*(?)then x* optimal solution
STOP

Step3: D* =D, issplit up into M disjoint sets

M
DinkDonk - Dynk Dk = U Dk
m=1

Stepd: D* =D,

Dnt1 = Dy U {D1nk, Danks -+ » Dunk N\ Dk

Dn+1,j:Dnj j:1,2,...,k—1

Dp+1,j =Dpnke j=k+mm=12,..M

Dn+1,j:Dni j=k+M+ii=k+1,.. )0 ns1=Jn+M-—-1

HUMAN CAPITAL uncrens
i HUMAR - BEST INVESTMENT! Wroclaw University of Technology s o]

Project co-financed from the EU European Social Fund



at Wroctaw University of Technology

@ Master programmes in English
' Wroctaw University of Technology '

n=0J,=1 Dy: X1 ~F (Dg) =1{Dgq = D}
M
Dy1 = U Do
m:1 ¢
fim Di_101 Dgo1 Dk+1,\o1A DM{A
x11~F(Dy1) -+ X1—1~F(Dik-1) X1k+1~F (D1g41) X1m~F (D1nm)
x1k~7:(D1k)
i ‘//\
n=2/,=2M-1 D11 Dmik  Dumak
\
v

xS,M—l"’?(DZ,M—l)

*

Xop~F(Dyg) -+ x;,k—1+m~~7:(D2,k—1+m)'” x;,k—1+M“’T(Dz,k—1+M)

HUMAN CAPITAL i AR
i HUMAR - BEST INVESTMENT! Wroclaw University of Technology s o]

Project co-financed from the EU European Social Fund




Master programmes in English

' _ Wroclaw University of Technology  _+\A/roctaw Universi by of Taahnoe

F(Dye) = min F(x)

XED,

Division of the set of feasible solutions

(2)
X M) < @ > [ 4 1 (s) (s)*

S A L
I x> [x®*] + 1
R

| |

e
"__4:__%__7__7_{7“1'"#_
o s o)
| T U SO A SO NN B Dip = Do N{x* = [x7] + 1}

SR N R

D
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F(x) = (x@ — 0.4)2 + (x@ — 0.6)2

x@ Dye = {x € R?,xW,x?) € &}

|
_+ _______ —
|
|
|
SR R
|
|
|
|
|
|
|
2

o o —— —

@D
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1. F(Dyo) = rr}gizn F(x)
% 0.4
Xo1 = [O.6 F(Dy1) =0

2. D11 ={x€R?%xW, x@ ecnrx® <[04] =0}

D, ={x €R%LxW,x@P e cAx™ >[04] +1 = 1}

F(Dyy) = r(rll)in F(x)
x\1)=<0
X1, = [()06] F(Dy1) = (0.4)% + 0% = 0.16
F(Dyz) = r(rll)in F(x)
x\t=1

Xt = [;6] F(Dy,) = (0.6)% + 02 = 036
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F(x) = (x® = 0.4)" + (x® - 0.6)°

Dye = {x € R%,xM x2) € &}
@

2 - 4 _. __+__________
-—
D1y

o e ———
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3. n=2
Dy = {x € R?,xW,x@ € c AxMW < 0,x? < [0.6] = 0}

0

0] F(D,;) = 0.16 + 0.32 = 0.48

F(D,1) = min F(x) x5, = [
xMW<0

x(@) <0

Dy ={x €R?,xW x@Pec xW<0 x@>[06]+1=1}

F(Dyz) = min F(x) 3 = m F(D,y) = 0.16 + 0.16 = 0.32
x()>1

Dy3 = Dy2

F(Dy3) = 036
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x@M <0,x® <
n=2J,=3

D,: x5, = lO] ~F(D,,) = xlg)lgoF(x) =0.48 X322 [1 F(D,5) xr(rll)lgoF(x) 0.32 \

x(2)§1

x@)<0

Dy3= D,

« 1
xlz = l06] N?(ng) == 036
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Thank you for attention
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