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General classification of 
optimization tasks
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Analytical methods

• Unconstrained optimization
• Lagrange multipliers method – equality 

constraints
• Kuhn-Tucker conditions – inequality 

constraints



Unconstrained optimization
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Optimization under equality 
constraints

• The method of Lagrange multipliers
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Optimization under inequality constraints
Kuhn-Tucker  conditions

Necessary conditions of optimality:

Lagrange function:
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Numerical optimization methods
𝑥𝑥∗ → 𝐹𝐹 𝑥𝑥∗ = min

𝑥𝑥∈𝐷𝐷𝑥𝑥
𝐹𝐹(𝑥𝑥)

Analytical methods has drawbacks, 
when:
1. The goal function 𝐹𝐹 and constraints 

𝜑𝜑,𝜓𝜓 are nonlinear.
2. Functions 𝐹𝐹, 𝜑𝜑 and 𝜓𝜓 are non-

differentiable
3. Mathematical formula describing 

functions 𝐹𝐹, 𝜑𝜑 and 𝜓𝜓 is not available, 
it can only be „measured” 

4. Large dimension of decision variables 
vector



Numerical methods

We only use information about values of objective function for a given value of    .   )(xF x
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The general idea behind numerical methods.
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Algorithm
𝑥𝑥𝑛𝑛+1 = Ψ 𝑥𝑥𝑛𝑛 , 𝑥𝑥0

• Choice of the search 
direction.

• Line search optimization.
• Stopping conditions.

Numerical optimization methods

𝑥𝑥0, 𝑥𝑥1, … , 𝑥𝑥𝑛𝑛, … , 𝑥𝑥𝑁𝑁 ≈ 𝑥𝑥∗
𝐹𝐹 𝑥𝑥0 > 𝐹𝐹 𝑥𝑥1 > … > 𝐹𝐹 𝑥𝑥𝑛𝑛 > … > 𝐹𝐹 𝑥𝑥𝑁𝑁 ≈ 𝐹𝐹(𝑥𝑥∗)



Choice of the search direction

• Basis of search directions –
non-gradient methods.

• Search directions based on 
gradient vectors – gradient-
based methods.



Line search optimization
𝑥𝑥0 – initial solution
𝑥𝑥1 – next solution
𝑑𝑑 – search direction
𝜏𝜏 – step size

𝜏𝜏∗ → 𝑓𝑓 𝜏𝜏∗ = min
𝜏𝜏
𝑓𝑓(𝜏𝜏)

line search optimization ≡ optimization of a single variable function

𝜏𝜏∗ → 𝐹𝐹 𝑥𝑥0 + 𝜏𝜏∗𝑑𝑑 = min
𝜏𝜏
𝐹𝐹(𝑥𝑥0 + 𝜏𝜏𝜏𝜏)

𝑥𝑥0, 𝑑𝑑 – fixed

𝐹𝐹(𝑥𝑥0 + 𝜏𝜏𝜏𝜏) ≜ 𝑓𝑓(𝜏𝜏)

𝑓𝑓(𝜏𝜏) – a single variable function 
(of the step size 𝜏𝜏)



Stopping conditions
𝑥𝑥𝑛𝑛+1 − 𝑥𝑥𝑛𝑛 < 𝜀𝜀; 𝐹𝐹 𝑥𝑥𝑛𝑛+1 − 𝐹𝐹 𝑥𝑥𝑛𝑛 < 𝛿𝛿;

𝐹𝐹 𝑥𝑥𝑛𝑛+1 − 𝐹𝐹 𝑥𝑥𝑛𝑛
𝑥𝑥𝑛𝑛+1 − 𝑥𝑥𝑛𝑛

< 𝜚𝜚



Remedy

𝑥𝑥𝑛𝑛 − 𝑥𝑥𝑥𝑛𝑛′ < 𝜀𝜀

𝑥𝑥0, 𝑥𝑥𝑥0 – different initial solutions
𝑥𝑥𝑛𝑛, 𝑥𝑥𝑥𝑛𝑛′ – responding final solutions



Line search optimization
𝑥𝑥0 – initial solution
𝑥𝑥1 – next solution
𝑑𝑑 – search direction
𝜏𝜏 – step size

𝜏𝜏∗ → 𝑓𝑓 𝜏𝜏∗ = min
𝜏𝜏
𝑓𝑓(𝜏𝜏)

line search optimization ≡ optimization of a single variable function

𝜏𝜏∗ → 𝐹𝐹 𝑥𝑥0 + 𝜏𝜏∗𝑑𝑑 = min
𝜏𝜏
𝐹𝐹(𝑥𝑥0 + 𝜏𝜏𝜏𝜏)

𝑥𝑥0, 𝑑𝑑 – fixed

𝐹𝐹(𝑥𝑥0 + 𝜏𝜏𝜏𝜏) ≜ 𝑓𝑓(𝜏𝜏)

𝑓𝑓(𝜏𝜏) – a single variable function 
(of the step size 𝜏𝜏)



Example
𝐹𝐹 𝑥𝑥 = 𝑥𝑥 1 − 2

2
+ 𝑥𝑥 2 − 1

2
, 𝑥𝑥0= −2

−2 ,𝑑𝑑 = 1
1

𝑥𝑥1 = 𝑥𝑥0 + 𝜏𝜏𝜏𝜏 = −2
−2 + 𝜏𝜏 1

1 = −2 + 1 ∗ 𝜏𝜏
−2 + 1 ∗ 𝜏𝜏

𝐹𝐹 𝑥𝑥0 + 𝜏𝜏𝜏𝜏 = −2 + 𝜏𝜏 − 2 2 + −2 + 𝜏𝜏 − 1 2 =
𝜏𝜏 − 4 2 + 𝜏𝜏 − 3 2 = 2𝜏𝜏2 − 14𝜏𝜏 + 25 ≜ 𝑓𝑓(𝜏𝜏)

𝑓𝑓′ 𝜏𝜏 = 4𝜏𝜏∗ − 14 = 0

𝜏𝜏∗ = 3.5

𝑥𝑥1 = 𝑥𝑥0 + 𝜏𝜏∗𝑑𝑑 = −2
−2 + 3.5 ∗ 1

1 = 1.5
1.5



Reducing the interval of uncertainty
Assumption: 𝜏𝜏∗ ∈ [𝑎𝑎, 𝑏𝑏]



𝝉𝝉 ∈ [𝒂𝒂,𝒃𝒃]



Uniform search method

𝜏𝜏0 = 𝑎𝑎
𝜏𝜏𝑛𝑛 = 𝜏𝜏0 + 𝑛𝑛𝜀𝜀
𝜏𝜏∗ ≈ 𝜏̃𝜏 → 𝑓𝑓 𝜏̃𝜏 = min

1≤𝑛𝑛≤𝑁𝑁
{𝑓𝑓(𝜏𝜏𝑛𝑛)}

𝑁𝑁 = 𝑏𝑏−𝑎𝑎
𝜀𝜀

– the total number of 
the goal function evaluations

For example:

∆= 𝑏𝑏 − 𝑎𝑎 = 1, 𝜀𝜀 = 0.01

𝑁𝑁 =
𝑏𝑏 − 𝑎𝑎
𝜀𝜀 =

1
0.01 = 100



Uniform search method

𝜏𝜏0 = 𝑎𝑎
𝜏𝜏𝑛𝑛 = 𝜏𝜏0 + 𝑛𝑛𝜀𝜀
𝜏𝜏∗ ≈ 𝜏̃𝜏 → 𝑓𝑓 𝜏̃𝜏 = min

1≤𝑛𝑛≤𝑁𝑁
{𝑓𝑓(𝜏𝜏𝑛𝑛)}

𝑁𝑁 = 𝑏𝑏−𝑎𝑎
𝜀𝜀

– the total number of 
the goal function evaluations

For example:

∆= 𝑏𝑏 − 𝑎𝑎 = 1, 𝜀𝜀 = 0.01

𝑁𝑁 =
𝑏𝑏 − 𝑎𝑎
𝜀𝜀 =

1
0.01 = 100



Splitting the section into two parts
𝑓𝑓 𝛼𝛼𝑛𝑛 ?𝑓𝑓(𝛽𝛽𝑛𝑛)

𝑓𝑓 𝛼𝛼𝑛𝑛 ≤ 𝑓𝑓 𝛽𝛽𝑛𝑛
𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛
𝑏𝑏𝑛𝑛+1 ≔ 𝛽𝛽𝑛𝑛

𝑓𝑓 𝛼𝛼𝑛𝑛 > 𝑓𝑓(𝛽𝛽𝑛𝑛)
𝑎𝑎𝑛𝑛+1 ≔ 𝛼𝛼𝑛𝑛
𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛



Dichotomous search method

𝛼𝛼𝑛𝑛 =
1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 − 𝛿𝛿

𝛽𝛽𝑛𝑛 = 1
2
𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 + 𝛿𝛿

𝑁𝑁 =? for 𝜀𝜀 = 0.01, ∆= 𝑏𝑏 − 𝑎𝑎 = 1

Input data: 𝑎𝑎0, 𝑏𝑏0, 𝜀𝜀, 𝛿𝛿
Step 0:       𝑛𝑛 = 0
Step 1:       𝛼𝛼𝑛𝑛 = 1

2
𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 − 𝛿𝛿

𝛽𝛽𝑛𝑛 =
1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 + 𝛿𝛿

Step 2:       If 𝑓𝑓 𝛼𝛼𝑛𝑛 ≤ 𝑓𝑓 𝛽𝛽𝑛𝑛 then
𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝛽𝛽𝑛𝑛,
otherwise
𝑎𝑎𝑛𝑛+1 ≔ 𝛼𝛼𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛.

Step 3:       If 𝑏𝑏𝑛𝑛+1 − 𝑎𝑎𝑛𝑛+1 ≥ 𝜀𝜀 then
𝑛𝑛 ≔ 𝑛𝑛 + 1, go to 1,
otherwise
𝜏̃𝜏 = 1

2
𝑎𝑎𝑛𝑛+1 + 𝑏𝑏𝑛𝑛+1 (STOP)



Estimation of steps procedure number 
• ∆0= 𝑏𝑏0 − 𝑎𝑎0 = 1 initial length of interval 

• ∆1= 1
2
∆0 interval length after one step 

• ∆2= 1
2
∆1= 1

2

2
∆0 interval length after two step 

• ⋮

• ∆𝑁𝑁= 1
2
∆𝑁𝑁−1= ⋯ = 1

2

𝑁𝑁
∆0 interval length after N-th step 

• We expect, that after N steps interval lenght will be less then 𝜀𝜀. 
Then the number of steps must fulfil the following condition:

∆𝑁𝑁= 1
2

𝑁𝑁
∆0≤ 𝜀𝜀 we divide by ∆0



Estimation of steps procedure number 
• 1

2

𝑁𝑁
≤ 𝜀𝜀

∆0
log both sides 

• 𝑙𝑙𝑙𝑙 1
2

𝑁𝑁
≤ 𝑙𝑙𝑙𝑙 𝜀𝜀

∆0
consequently  

• 𝑁𝑁 𝑙𝑙𝑙𝑙 1
2

≤ 𝑙𝑙𝑙𝑙 𝜀𝜀
∆0

dividing both sides by 𝑙𝑙𝑙𝑙 1
2

. 

Because  𝑙𝑙𝑙𝑙 1
2

is a negative number we change  sigh of inequality 

Then  the minimum number  of procedure steps must fulfill  the following condition:

• 𝑁𝑁 ≥
𝑙𝑙𝑙𝑙 𝜀𝜀

∆0
𝑙𝑙𝑙𝑙12

= ln 0.01
ln 0.5

= 4.605
0.693

≈ 7

Because in each step we must calculate two Times value of function then necessary number
of function calculation is:

• Number of function calculation is: = 2N = 14



The 𝜸𝜸 section method

𝑏𝑏𝑛𝑛 − 𝛼𝛼𝑛𝑛
𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛

=
𝛽𝛽𝑛𝑛 − 𝑎𝑎𝑛𝑛
𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛

= 𝛾𝛾

𝛼𝛼𝑛𝑛 = 𝑏𝑏𝑛𝑛 + 𝛾𝛾 𝑎𝑎𝑛𝑛 − 𝑏𝑏𝑛𝑛
𝛽𝛽𝑛𝑛 = 𝑎𝑎𝑛𝑛 + 𝛾𝛾 𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛 𝑁𝑁 =? for 𝜀𝜀 = 0.01,∆= 𝑏𝑏 − 𝑎𝑎 = 1

Input data: 𝑎𝑎0, 𝑏𝑏0, 𝜀𝜀, 𝛾𝛾
Step 0:       𝑛𝑛 = 0
Step 1:       𝛼𝛼𝑛𝑛 = 𝑏𝑏𝑛𝑛 + 𝛾𝛾 𝑎𝑎𝑛𝑛 − 𝑏𝑏𝑛𝑛

𝛽𝛽𝑛𝑛 = 𝑎𝑎𝑛𝑛 + 𝛾𝛾 𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛
Step 2:       If 𝑓𝑓 𝛼𝛼𝑛𝑛 ≤ 𝑓𝑓 𝛽𝛽𝑛𝑛 then

𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝛽𝛽𝑛𝑛,
otherwise
𝑎𝑎𝑛𝑛+1 ≔ 𝛼𝛼𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛.

Step 3:       If 𝑏𝑏𝑛𝑛+1 − 𝑎𝑎𝑛𝑛+1 ≥ 𝜀𝜀 then
𝑛𝑛 ≔ 𝑛𝑛 + 1, go to 1,
otherwise
𝜏̃𝜏 = 1

2
𝑎𝑎𝑛𝑛+1 − 𝑏𝑏𝑛𝑛+1 (STOP)



Estimation of steps procedure number 
• ∆0= 𝑏𝑏0 − 𝑎𝑎0 = 1 initial length of interval , 𝜀𝜀=0.01

• ∆1= γ∆0 interval length after one step 

• ∆2= γ∆1= γ 2∆0 interval length after two step 

⋮

• ∆𝑁𝑁= γ∆𝑁𝑁−1= ⋯ = γ 𝑁𝑁∆0 interval length after N-th step 

• We expect, that after N steps interval lenght will be less then 𝜀𝜀. 

Then the number of steps must fulfil the following condition:

∆𝑁𝑁= γ 𝑁𝑁∆0≤ 𝜀𝜀 we divide by ∆0



Estimation of steps procedure number 
• γ 𝑁𝑁 ≤ 𝜀𝜀

∆0
log both sides 

• 𝑙𝑙𝑙𝑙 γ 𝑁𝑁 ≤ 𝑙𝑙𝑙𝑙 𝜀𝜀
∆0

consequently  

• 𝑁𝑁 𝑙𝑙𝑙𝑙 γ ≤ 𝑙𝑙𝑙𝑙 𝜀𝜀
∆0

dividing both sides by 𝑙𝑙𝑙𝑙 γ . 

Because  𝑙𝑙𝑙𝑙 γ is a negative number we change  sigh of nonequality

Then  the minimum number  of procedure steps must fulfill  the following condition:

• 𝑁𝑁 ≥
𝑙𝑙𝑙𝑙 𝜀𝜀

∆0
𝑙𝑙𝑙𝑙γ

Because in each step we must calculate two Times value of function then necessary number
of function calculation is:

Number of function calculation is = 2N

𝛾𝛾 =? ?



The golden section method
𝛾𝛾2 + 𝛾𝛾 − 1 = 0

𝛾𝛾 =
5 − 1

2
≈ 0.618

1. 𝛽𝛽𝑛𝑛+1−𝑎𝑎𝑛𝑛+1
𝑏𝑏𝑛𝑛+1−𝑎𝑎𝑛𝑛+1

= 𝛾𝛾, which gives

𝛼𝛼𝑛𝑛 − 𝑎𝑎𝑛𝑛
𝛽𝛽𝑛𝑛 − 𝑎𝑎𝑛𝑛

=
𝑏𝑏𝑛𝑛 + 𝛾𝛾 𝑎𝑎𝑛𝑛 − 𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛
𝑎𝑎𝑛𝑛 + 𝛾𝛾 𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛 − 𝑎𝑎𝑛𝑛

=
𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛 + 𝛾𝛾(𝑎𝑎𝑛𝑛 − 𝑏𝑏𝑛𝑛)

𝛾𝛾(𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛) =
1
𝛾𝛾 − 1 = 𝛾𝛾

2. 𝑏𝑏𝑛𝑛+1−𝛼𝛼𝑛𝑛+1
𝑏𝑏𝑛𝑛+1−𝑎𝑎𝑛𝑛+1

= 𝛾𝛾, which gives

𝑏𝑏𝑛𝑛 − 𝛽𝛽𝑛𝑛
𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛

=
𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛 + 𝛾𝛾 𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛
𝑏𝑏𝑛𝑛 − 𝑏𝑏𝑛𝑛 − 𝛾𝛾 𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛

=
𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛 + 𝛾𝛾(𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛)

𝛾𝛾(𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛) =
1
𝛾𝛾 − 1 = 𝛾𝛾



The golden section method

𝛾𝛾2 + 𝛾𝛾 − 1 = 0
𝛾𝛾 = 5−1

2
≈ 0.618

𝑁𝑁 =? for 𝜀𝜀 = 0.01,∆= 𝑏𝑏 − 𝑎𝑎 = 1

Input data: 𝑎𝑎0, 𝑏𝑏0, 𝜀𝜀, 𝛾𝛾 = 5−1
2

Step 0:      𝑛𝑛 = 0
𝛼𝛼0 = 𝑏𝑏0 + 𝛾𝛾 𝑎𝑎0 − 𝑏𝑏0
𝛽𝛽0 = 𝑎𝑎0 + 𝛾𝛾(𝑏𝑏0 − 𝑎𝑎0)

Step 1:      If 𝑏𝑏𝑛𝑛 − 𝑎𝑎𝑛𝑛 < ε, then
𝜏̃𝜏 = 1

2
𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 (STOP)

otherwise go to 2
Step 2:      If 𝑓𝑓 𝛼𝛼𝑛𝑛 ≤ 𝑓𝑓 𝛽𝛽𝑛𝑛 then

𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝛽𝛽𝑛𝑛,
𝛽𝛽𝑛𝑛+1 ≔ 𝛼𝛼𝑛𝑛, 𝛼𝛼𝑛𝑛+1 ≔ 𝛽𝛽𝑛𝑛 + 𝛾𝛾(𝑎𝑎𝑛𝑛 − 𝑏𝑏𝑛𝑛)
𝑛𝑛 ≔ 𝑛𝑛 + 1, go to 1
otherwise
𝑎𝑎𝑛𝑛+1 ≔ 𝛼𝛼𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛,
𝛼𝛼𝑛𝑛+1 ≔ 𝛽𝛽𝑛𝑛, 𝛽𝛽𝑛𝑛+1 ≔ 𝛼𝛼𝑛𝑛 + 𝛾𝛾(𝑏𝑏𝑛𝑛 − 𝛼𝛼𝑛𝑛)
𝑛𝑛 ≔ 𝑛𝑛 + 1, go to 1



Estimation of steps procedure number 
• γ 𝑁𝑁 ≤ 𝜀𝜀

∆0
log both sides 

• 𝑙𝑙𝑙𝑙 γ 𝑁𝑁 ≤ 𝑙𝑙𝑙𝑙 𝜀𝜀
∆0

consequently 

• 𝑁𝑁 𝑙𝑙𝑙𝑙 γ ≤ 𝑙𝑙𝑙𝑙 𝜀𝜀
∆0

dividing both sides by 𝑙𝑙𝑙𝑙 γ . 

Because  𝑙𝑙𝑙𝑙 γ is a negative number we change  sigh of nonequality

Then  the minimum number  of procedure steps must fulfill  the following condition

• 𝑁𝑁 ≥
𝑙𝑙𝑙𝑙 𝜀𝜀

∆0
𝑙𝑙𝑙𝑙γ now 𝛾𝛾 = 5−1

2
≈ 0.618

Because in each step we must calculate two Times value of function then necessary number of
function calculation is:

• 𝑙𝑙𝑙𝑙γ= 𝑙𝑙𝑙𝑙0.618 =- 0.481

• 𝑁𝑁 ≥
𝑙𝑙𝑙𝑙 𝜀𝜀

∆0
𝑙𝑙𝑙𝑙𝛾𝛾

= ln 0.01
ln 0.618

= 4.605
0.481

≈ 9,578 ≈ 10

• Number of function calculation is N+1 =10+1 =11



Quadratic-fit line search method
𝑎𝑎 < 𝑏𝑏 < 𝑐𝑐
𝑓𝑓 𝑎𝑎 ≥ 𝑓𝑓 𝑏𝑏
𝑓𝑓 𝑏𝑏 ≤ 𝑓𝑓 𝑐𝑐

𝑞𝑞(𝜏𝜏) – quadratic-fit function
𝜏𝜏∗ - minimum of the function 𝑞𝑞(𝜏𝜏)

𝑞𝑞 𝜏𝜏 =
𝑓𝑓(𝑎𝑎)(𝜏𝜏 − 𝑏𝑏)(𝜏𝜏 − 𝑐𝑐)

(𝑎𝑎 − 𝑏𝑏)(𝑎𝑎 − 𝑐𝑐) +
𝑓𝑓(𝑏𝑏)(𝜏𝜏 − 𝑎𝑎)(𝜏𝜏 − 𝑐𝑐)

(𝑏𝑏 − 𝑎𝑎)(𝑏𝑏 − 𝑐𝑐) +

+
𝑓𝑓(𝑐𝑐)(𝜏𝜏 − 𝑎𝑎)(𝜏𝜏 − 𝑏𝑏)

(𝑐𝑐 − 𝑎𝑎)(𝑏𝑏 − 𝑐𝑐)

𝜏𝜏∗ =
1
2
𝑓𝑓 𝑎𝑎 𝑏𝑏2 − 𝑐𝑐2 + 𝑓𝑓 𝑏𝑏 𝑐𝑐2 − 𝑎𝑎2 + 𝑓𝑓(𝑐𝑐)(𝑎𝑎2 − 𝑏𝑏2)

𝑓𝑓 𝑎𝑎 𝑏𝑏 − 𝑐𝑐 + 𝑓𝑓 𝑏𝑏 𝑐𝑐 − 𝑎𝑎 + 𝑓𝑓(𝑐𝑐)(𝑎𝑎 − 𝑏𝑏)



Quadratic-fit line search method

𝑓𝑓 𝑏𝑏𝑛𝑛 ≥ 𝑓𝑓(𝜏𝜏𝑛𝑛∗ )
𝑎𝑎𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛
𝑏𝑏𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛∗
𝑐𝑐𝑛𝑛+1 ≔ 𝑐𝑐𝑛𝑛

𝑓𝑓 𝑏𝑏𝑛𝑛 < 𝑓𝑓(𝜏𝜏𝑛𝑛∗ )
𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛
𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛
𝑐𝑐𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛∗

𝑓𝑓 𝑏𝑏𝑛𝑛 ≥ 𝑓𝑓(𝜏𝜏𝑛𝑛∗ )
𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛
𝑏𝑏𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛∗
𝑐𝑐𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛

𝑓𝑓 𝑏𝑏𝑛𝑛 ≥ 𝑓𝑓(𝜏𝜏𝑛𝑛∗ )
𝑎𝑎𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛∗

𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛
𝑐𝑐𝑛𝑛+1 ≔ 𝑐𝑐𝑛𝑛

𝑐𝑐𝑛𝑛+1 − 𝑎𝑎𝑛𝑛+1 < 𝜀𝜀 𝜏̃𝜏 = 𝜏𝜏𝑛𝑛+1∗



Quadratic-fit line search method
Input data: 𝑎𝑎0, 𝑏𝑏0, 𝑐𝑐0, 𝜀𝜀
Step 0: 𝑛𝑛 = 0

Step 1: 𝜏𝜏𝑛𝑛 = 1
2
𝑓𝑓 𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛2−𝑐𝑐𝑛𝑛2 +𝑓𝑓 𝑏𝑏𝑛𝑛 𝑐𝑐𝑛𝑛2−𝑎𝑎𝑛𝑛2 +𝑓𝑓(𝑐𝑐𝑛𝑛)(𝑎𝑎𝑛𝑛2−𝑏𝑏𝑛𝑛2)
𝑓𝑓 𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛−𝑐𝑐𝑛𝑛 +𝑓𝑓 𝑏𝑏𝑛𝑛 𝑐𝑐𝑛𝑛−𝑎𝑎𝑛𝑛 +𝑓𝑓(𝑐𝑐𝑛𝑛)(𝑎𝑎𝑛𝑛−𝑏𝑏𝑛𝑛)

Step 2: If 𝑏𝑏𝑛𝑛 < 𝜏𝜏𝑛𝑛 then go to 3
otherwise

If 𝑓𝑓 𝑏𝑏𝑛𝑛 ≥ 𝑓𝑓(𝜏𝜏𝑛𝑛) then 𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛, 𝑐𝑐𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛 go to 4
otherwise 𝑎𝑎𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛, 𝑐𝑐𝑛𝑛+1 ≔ 𝑐𝑐𝑛𝑛 go to 4 

Step 3: If 𝑓𝑓 𝑏𝑏𝑛𝑛 ≥ 𝑓𝑓(𝜏𝜏𝑛𝑛) to 𝑎𝑎𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛, 𝑐𝑐𝑛𝑛+1 ≔ 𝑐𝑐𝑛𝑛 go to 4
otherwise 𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛, 𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛, 𝑐𝑐𝑛𝑛+1 ≔ 𝜏𝜏𝑛𝑛 go to 4 

Step 4:  If 𝑐𝑐𝑛𝑛+1 − 𝑎𝑎𝑛𝑛+1 ≥ 𝜀𝜀 then 𝑛𝑛 ≔ 𝑛𝑛 + 1 go to 1

otherwise 𝜏̃𝜏 = 1
2

(𝑎𝑎𝑛𝑛+1 + 𝑐𝑐𝑛𝑛+1) (STOP)



Line search using derivatives
𝜏𝜏𝑛𝑛+1 = 𝜏𝜏𝑛𝑛 − 𝛾𝛾𝑛𝑛𝑓𝑓′ 𝑡𝑡𝑛𝑛 𝛾𝛾𝑛𝑛 > 0, 𝜏𝜏0

lim
𝑛𝑛→∞

𝛾𝛾𝑛𝑛 = 𝛾𝛾 �
𝑛𝑛=0

∞

𝛾𝛾𝑛𝑛 = ∞

e.g. 𝜏𝜏𝑛𝑛+1 − 𝜏𝜏𝑛𝑛 < 𝜀𝜀 (STOP) 

𝜏𝜏0
𝜏𝜏1 = 𝜏𝜏0 − 𝛾𝛾0𝑓𝑓′ 𝜏𝜏0
𝜏𝜏2 = 𝜏𝜏1 − 𝛾𝛾1𝑓𝑓′ 𝜏𝜏1 = 𝜏𝜏0 − 𝛾𝛾0𝑓𝑓′ 𝜏𝜏0 − 𝛾𝛾1𝑓𝑓′ 𝜏𝜏1
𝜏𝜏𝑛𝑛+1 = 𝜏𝜏𝑛𝑛 + 𝛾𝛾𝑛𝑛𝑓𝑓′ 𝜏𝜏𝑛𝑛 = ⋯ = 𝜏𝜏0 − 𝛾𝛾0𝑓𝑓′ 𝜏𝜏0 − 𝛾𝛾1𝑓𝑓′ 𝜏𝜏1 − ⋯− 𝛾𝛾𝑛𝑛𝑓𝑓′ 𝜏𝜏𝑛𝑛

𝜏𝜏𝑛𝑛+1 − 𝜏𝜏0 = |�
𝑘𝑘=0

𝑛𝑛

𝛾𝛾𝑘𝑘𝑓𝑓′ 𝜏𝜏𝑘𝑘 | ≤ �
𝑘𝑘=0

𝑛𝑛

𝛾𝛾𝑘𝑘 𝑓𝑓′ 𝜏𝜏𝑘𝑘 ≤ max
0<𝑘𝑘<𝑛𝑛

𝑓𝑓′ 𝜏𝜏𝑘𝑘 �
𝑘𝑘=0

𝑛𝑛

𝛾𝛾𝑘𝑘

𝜏𝜏∞ − 𝜏𝜏0 ≤ �
𝑘𝑘=0

∞

𝛾𝛾𝑘𝑘 = ∞



Line search using sign of derivatives
𝜏𝜏𝑛𝑛+1 = 𝜏𝜏𝑛𝑛 − 𝜗𝜗𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓′ 𝜏𝜏𝑛𝑛

𝛾𝛾𝑛𝑛𝑓𝑓′ 𝜏𝜏𝑛𝑛 = 𝛾𝛾𝑛𝑛 𝑓𝑓′ 𝜏𝜏𝑛𝑛 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓′ 𝜏𝜏𝑛𝑛 = 𝜗𝜗𝑛𝑛 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[𝑓𝑓𝑓(𝜏𝜏𝑛𝑛)], where 𝜗𝜗𝑛𝑛 = 𝛾𝛾𝑛𝑛 𝑓𝑓′ 𝜏𝜏𝑛𝑛

𝜗𝜗𝑛𝑛 > 0

lim
𝑛𝑛→∞

𝜗𝜗𝑛𝑛 = 0, because lim
𝑛𝑛→∞

𝑓𝑓′ 𝜏𝜏𝑛𝑛 = 0, lim
𝑛𝑛→∞

𝛾𝛾𝑛𝑛 = 𝛾𝛾

�
𝑛𝑛=0

∞

𝜗𝜗𝑛𝑛 = ∞ lim
𝑛𝑛→∞

𝜗𝜗𝑛𝑛 = lim
𝑛𝑛→∞

𝛾𝛾𝑛𝑛 𝑓𝑓′ 𝜏𝜏𝑛𝑛 = 0



Bolzano method
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎𝑛𝑛 ≠ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏𝑛𝑛

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓′(𝑎𝑎𝑛𝑛) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑓𝑓′(
1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 )

𝑎𝑎𝑛𝑛+1 ≔
1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛

𝑏𝑏𝑛𝑛+1 ≔ 𝑏𝑏𝑛𝑛

𝑓𝑓′
1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 = 0

𝜏̃𝜏 ≔
1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓′(𝑏𝑏𝑛𝑛)

= 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑓𝑓′(
1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 )

𝑎𝑎𝑛𝑛+1 ≔ 𝑎𝑎𝑛𝑛
𝑏𝑏𝑛𝑛+1 ≔

1
2 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛



Newton’s method
𝜏𝜏0

𝜏𝜏𝑛𝑛+1 = 𝜏𝜏𝑛𝑛 −
𝑓𝑓′ 𝜏𝜏𝑛𝑛
𝑓𝑓′′ 𝜏𝜏𝑛𝑛

𝜏𝜏𝑛𝑛+1 − 𝜏𝜏𝑛𝑛 < 𝜀𝜀 (STOP)

𝑓𝑓 𝜏𝜏 = 𝑓𝑓 𝜏𝜏0 + 𝜏𝜏 − 𝜏𝜏0 𝑓𝑓′ 𝜏𝜏0 +
1
2 𝜏𝜏 − 𝜏𝜏0 2𝑓𝑓′′ 𝜏𝜏0 + 03( 𝜏𝜏 − 𝜏𝜏0 )

𝑞𝑞(𝜏𝜏)

𝑞𝑞′ 𝜏𝜏 = 𝑓𝑓′ 𝜏𝜏0 + 𝜏𝜏∗ − 𝜏𝜏0 𝑓𝑓′′ 𝜏𝜏0 = 0 𝜏𝜏∗ = 𝜏𝜏0 −
𝑓𝑓𝑓(𝜏𝜏0)
𝑓𝑓𝑓𝑓(𝜏𝜏0)



Thank you for attention
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