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Model in the systems research
Hypothesis
Methods, algorithms:
- Projects
- Management
- Control
- Diagnosis

Review

Effect:
- New knowledge,
- New plant,
- Management rolls,
- New controllers,
-Measurement and 
diagnostic devices.

Identification 
plant

Experiment Data

Investigator

Model Comparison

Adaptation

Goal:
- investigation,
- project,
- management,
- control,
- diagnosis,



Example of decision making
Decision: workloads of power plants

)1(x
hydroelectric plant nuclear power plant wind turbine

Images:
http://ziemianarozdrozu.pl/encyklopedia/67/hydroenergetyka
http://kresy24.pl/showNews/news_id/5871/
http://windy-future.info/2009/10/13/large-wind-turbine/
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Given parameters:

Objective is to minimize overall costs:
Constraints:

321 ,, ccc – unit costs of workloads
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– demand must be met: β≥++ )3()2()1( xxx
– energy production capabilities are limited: 3,2,1,0 )( =≤≤ nx n

n α

http://ziemianarozdrozu.pl/encyklopedia/67/hydroenergetyka
http://kresy24.pl/showNews/news_id/5871/
http://windy-future.info/2009/10/13/large-wind-turbine/


Basic ingredients of optimization 
task formulation

Decision variables:
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Objective function: )(xFy =

Set of feasible decisions (commonly defined by variables domain and constraints):

xx D∈

Optimization task: ),(min)( xFxFx
xx D∈

∗∗
∗

=→ ∗x – optimal decision

( ))(max)(min xFxF −−=



General classification of 
optimization tasks

Unconstrained optimization:
S

x RD =

Optimization under equality constraints:
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Optimization under inequality constraints:
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Analytical methods

• Unconstrained optimization
• Lagrange multipliers method – equality 

constraints
• Kuhn-Tucker conditions – inequality 

constraints



Numerical methods

We only use information about values of objective function for a given value of    .   )(xF x
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The general idea behind numerical methods.
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Common types of optimization 
tasks

• Linear programming
S
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Decision variables:

Objective function:

Constraints:
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Common types of optimization 
tasks

• Quadratic programming
S
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Decision variables:

Objective function:

Constraints:
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Common types of optimization 
tasks

• Linear-fractional programming
S
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Decision variables:

Objective function:

Constraints:

RRRR ∈∈∈∈ dcba SS ,,,
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Common types of optimization 
tasks

• Integer programming

Decision variables are discrete: { }Ssx s
xx ,,2,1,)( =∈∩= CDD

)1(x
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{ }Mx xxxx ,,, 21 =∈D

( ) { }{ }Ssxx s
x ,,2,1,1,0 =∈=∈D

Special cases
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Decision making under uncertainty



Multiobjective optimization

 

∗
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2x ∗
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x – vector of decision variables

– performance indices
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Dynamic optimization

Dynamic process:

0y
1y 2y Ny 1+Ny

0x 1x Nx

),(1 nnn xyPy =+

http://www.all-freeware.com/

n – time step 

nx – decision made at -th time step n

ny – state of the process at -th time step n

The proble is to find optimal sequence of decisions:

,,,, 10
∗∗∗
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for which is minimal.( )NxxxQ ,,, 10 



Mathematical preliminaries



Mathematical preliminaries

)(min)( xFxFx
xx D∈

∗∗ =→Optimization problem:

Local minima: )()(),(0 xFxFxOx <∃∀ ∗
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Mathematical preliminaries

Convex function:
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Mathematical preliminaries

Pseudo-convex function:

Following the Taylor’s expansion of a function, we have:
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Quasi-convex function:
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Mathematical preliminaries

Gradient:
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Hessian:
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Mathematical preliminaries

Hessian properties:

is symmetric matrixH
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if then matrix H is
semipositive
definite

If then matrix H is positive
definite

Eigen values of matrix H

( ) ShhhhIH ,,,0det 21 =− - Eigen values of matrix H

If

If

0,,2,1 >=∀ shSs  then matrix H is positive definite

0,,2,1 ≥=∀ shSs  then matrix H is semipositive definite

Sylwester criteria:
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Unconstrained optimization

Optimization task: )(min)( xFxFx
xx D∈

∗∗
∗

=→

Assumption:            is continuous and differentiable.)(xF

Necessary condition for     to be local minima:∗x Sx xF 0)( =∇ ∗

If           is convex function, then above equation is sufficient condition for to be 
global minima.

)(xF ∗x

F

x



Unconstrained optimization

Second order conditions of optimality:

If is positive definite at     then      is local minimum.

If is negative definite at     then      is local maximum.

If is neither negative semidefinite nor positive semidefinite at
then      is not optimum.

If is positive (negative) semidefinite and not positive (negative)
definite, optimality of     cannot be determined.

)( ∗xH

)( ∗xH

)( ∗xH

)( ∗xH

∗x ∗x
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Example 2.1.1

Matrix   H(x) is positively defined    then point   X* is minimum



For            matrix    H(x) is positively defined then point - minimum

Example 2.1.2



Example 2.1.2 c.d.



Example 2.1.3

S – dimensional vectors

A – symmetric matrix, positive define



Example 2.1.3 c.d.



Example 2.1.3 c.d.



Example 2.1.3 c.d.



Example 2.1.3 c.d.



Example 2.1.3 c.d.

Hess matrix is positively defined because
matrix A is assumed to be positively defined 



Basic formulation of the optimization 
problem

Decision variables:
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Objective function: )(xFy =

Set of feasible decisions (commonly defined by variables domain and constraints):

xx D∈

Optimization task: ),(min)( xFxFx
xx D∈

∗∗
∗

=→ ∗x – optimal decision

( ))(max)(min xFxF −−=



General classification of 
optimization tasks

Unconstrained optimization:
S

x RD =

Optimization under equality constraints:
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0)( =xϕ
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Optimization under inequality constraints:

{ }0)(,,0)(,0)(: 21 ≤≤≤∈= xxxx M
S

x ψψψ RD

)1(x

)2(x 0)(1 ≤xψ

0)(2 ≤xψ

0)(3 ≤xψ
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Analytical methods

• Unconstrained optimization
• Lagrange multipliers method – equality 

constraints
• Kuhn-Tucker conditions – inequality 

constraints



Optimization under equality 
constraints

Optimization task: )(min)( xFxFx
xx D∈
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∗
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Optimization under equality 
constraints

0)( =xϕ
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Locally optimal solution satisfies
condition:

Sxx xxF 0)()( =∇+∇ ϕλ

R∈λ – Lagrange multiplier

For multiple constraints:
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Optimization under equality 
constraints

• The method of Lagrange multipliers
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Necessary conditions of optimality:

Sxx xL 0),(
,
=∇ ∗∗ λ

λ

Lagrange function:
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Optimization problem under equality constraints
Lagrange’ a multiplayers metod

Second order nesesery conditions:

If Is positively defined in the point        
then       is local minimum

)( ∗xH L

)( ∗xH L

∗x

∗x
∗x
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41

The above system of equation may have several solutions

If Is negatively defined in the point        
then       is local minimum

( ) ( )λ,xLxH xxL ∇=let:

If             is convex function, and constrains are linear one i.e. have the form
then the above  system of equation 

have one solution and it is optimsl point
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T
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Explanation of necessary conditions

With constans

Derived from the unraveling function



Explanation of necessary conditions

let



Explanation of necessary conditions
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More general



Optimization under equality 
constraints

0)( =xϕ
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)(xxϕ∇

)(xFx∇

∗
1x

∗
2x

Locally optimal solution satisfies
condition:

Sxx xxF 0)()( =∇+∇ ϕλ

R∈λ – Lagrange multiplier

For multiple constraints:
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Optimization under equality 
constraints

• The method of Lagrange multipliers – example 1

( ) ( )2)2(2)1()( xxxF +=

04)( )2()1( =−+= xxxϕ

4

)1(x

)2(x

4









=∗

2
2

x

)(xϕ

( ) ( ) ( ) ( )( )4),( 112)2(2)1( −+++= xxxxxL λλ



Example  2.2.1
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Example 2.2.1 c.d.

48

Matrix Is positively defined

is minimumPoint



Optimization under equality 
constraints

• The method of Lagrange multipliers – example 2 (irregular)

( ) ( )2)2(2)1()( xxxF +=

( ) ( ) 01)( 3)1(2)2( =−−= xxxϕ
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Example 2.2.2

50
Contradiction



Optimization under equality 
constraints

• The method of Lagrange multipliers – example 2 explanation
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[ ],)()(rank)(rank xFxGxG x∇−= Unambiguous solution exists if and only if

which is always true as long as      is convex and      are linear.   lϕF

How to find irregular solutions?



Optimization under equality constraints
Lagrange’ a multipliers method

Sxx xL 0),(
,
=∇ ∗∗ λ

λ

If F(x) is continuous, differentiable and convex  function and constraints 
are linear then system of equations:

has one solution and it si solution of optimization task.

The above system of equations is necessary and sufficient condition for optimal 
solution
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Optimization under equality 
constraints

• The generalized method of Lagrange multipliers

∑
=

+=
L

l
ll xxFxL

1
00 )()(),,( ϕλλλλ

Necessary conditions of optimality:
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Optimization under equality 
constraints

• The generalized method of Lagrange multipliers
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We obtain regular solutions.

We obtain irregular solutions.

Second order condition of optimality requires analysis of ).,,(),,( 0
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Optimization under equality 
constraints

• The generalized method of Lagrange multipliers –
– example 2 once again

( ) ( )2)2(2)1()( xxxF +=
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Example 2.2.2
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As before contradiction

For



Example 2.2.2

For



Example 2.2.2
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General classification of 
optimization tasks

Unconstrained optimization: S
x RD =

Optimization under equality constraints:
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Optimization under inequality constraints:
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Optimization under inequality 
constraints

Optimization task: )(min)( xFxFx
xx D∈

∗∗
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Optimization under inequality constraints
Optimization task

)(min)( xFxFx
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Optimization under inequality constraints

0)( <∗xψ
Inactive constraint
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Optimization under inequality constraints
Kuhn-Tucker  conditions

Necessary conditions of optimality:

Lagrange function:
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Optimization under inequality constraints
Kuhn-Tucker  conditions



)()(),( xxFxL mmψµµ +=
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Optimization under inequality constraints
Kuhn-Tucker  conditions

- th inactive constraintsm - th active constraintsm
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Like without constraints Like with equality constraints
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Optimization under inequality constraints

0)( <∗xmψ
Inactive constraint
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Optimization under inequality constraints
Kuhn-Tucker  conditions

-th constraint is inactivem

-th constraint is activem
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Optimization under inequality constraints
Kuhn-Tucker  conditionsExample 1
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Example 1.



Example 1. c.d.

contradiction
contradiction

contradiction



Example 1. c.d.

contradiction



Optimization under inequality 
constraints

Optimization task: )(min)( xFxFx
xx D∈

∗∗
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Optimization under inequality constraints
Kuhn-Tucker  conditions

Neccesery conditions:

Lagrange’ a function :
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Example 2 – irregular

Optimization under inequality constraints
Kuhn-Tucker  conditions
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Feasible directions
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Active constraints – analytical conditions?

Optimization under inequality constraints 
Kuhn – Tucker rolls
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Optimization under inequality constraints
Feasible directions
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Optimization under inequality constraints
Feasible directions

)()( xDx ≠D leads to irregular case
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Optimization under inequality constraints 
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Optimization under inequality constraints 
Kuhn – Tucker conditions

Kuhna – Tucker theorem – necessary optimality conditions:
If x* is local minimum of optimization problem with inequality constraints, functions                                              

:                                        are  continuous and function F  is differentiable then there 
exists set of Lagrange µ* such one that together with x* fulfils

Lagrange function:

⇒
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MF ΨΨΨ ,,,, 21 
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Regular solution



Optimization under inequality constraints Kuhn – Tucker rolls
Regularity Conditions

1. Karlin: constraints - linear ( ) ( ) ( )xxx Mψψψ ,,, 21 

2. Slater: constraints - convex functions and feasible set is 
not empty
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Consrtaints1 i 2 are active

Gradients of constraints are linearly dependent 

In the point Fiacco – Mac Cormica roll is not 
fulfilled 

Irregular 
solution

Irregular solution - Fiacco – Mac Cormica  roll
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Sufficient condition of regularity:

MF ψψψ ,,,, 21  – continuous and differentiable

F – pseudo-convex

Mψψψ ,,, 21  – quasi-convex



General classification of 
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Optimization under inequality constraints 
Kuhn – Tucker rolls

Necessary and sufficient conditions :
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If functions                                                              are continuous and differentiable  and 
function             is pseudo – convex function , and constraints
are quasi – convex function then system of equations :
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Has one solution and it is the solution of the optimisation task  with inequality
constraints



Optimization under equality 
constraints

• The method of Lagrange multipliers
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Optimization under inequality constraints 
Kuhn – Tucker conditions

Kuhna – Tucker theorem – necessary optimality conditions:
If x* is local minimum of optimization problem with inequality constraints, functions                                              

:                                        are  continuous and function F  is differentiable then there 
exists set of Lagrange µ* such one that together with x* fulfils

Lagrange function:
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Analytical methods
Disadvantages 

It is hard to apply them if:

ψϕ,,F are nonlinear

)dim(x is large

They cannot be applied if:

ψϕ,,F are not differentiable

F is not given by formula and it may only be
measured for requested value of x



Thank you for attention
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