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Optimal model for:
• Given measurements sequences
• Klass of models
• Given performance index
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Full probabilistic knowledge
 First type regrsesion
 Second type regression

Unknown probabilostic knowledge
• Performance index estimatin
• Parameter estimation of the probability

distribution
• Probabilit ditribution estimatoin
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Methods:
 Least square
 Maximum 

likelihood
 Bayes’a
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Choice of the best model


Obiekt identyfikacji
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Choice of the best model
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Approximation of static plant 
characteristic

• Problem formulation

Weight function: ( )ugu
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Approximation of static plant 
characteristic

• Problem formulation
Static plant characteristic: ( )uFy =
F
u
y

– known function

– input vector

– output vector

Su RU ⊆∈
Ly RY ⊆∈

– input domainU

Y – output domain

Approximation function (model): ),( θuy Φ=

Φ

y

θ

– arbitrary given function

– model output vector 

– vector of model parameters

Ly RY ⊆∈
RR⊆Θ∈θ

– subset of input domainuD

Y – output domain



Approximation of static plant 
characteristic

• Problem formulation

Measure of difference: uu D∈∀ ( ) ( ) ( )( )θ,,, uuFqyyq Φ=

where e. g.: ( ) ( )∑
=

−=
L

l

ll yyyyq
1

2)()(, ( ) ∑
=

−=
L

l

ll yyyyq
1

)()(, – dimensional output

( ) ( ) ( ) ( )( )22 ,, θuuFyyyyq Φ−=−=

( ) ( ) ( )θ,, uuFyyyyq Φ−=−=

one dimensional output

L

)1( =L



Approximation of static plant 
characteristic

• Problem formulation
Performance index – a measure of the difference between function             and( )uF ),( θuΦ

( ) ( ) ( )
u

uuFQ
D

θθ ,Φ−=

( ) ( ) ( )( ) ( ) duuguuFqQ u

u

∫ Φ=
D

θθ ,,

( ) ( ) ( ) ( )duuguuFQ u

u

∫ Φ−=
D

θθ ,

 

 

 

e. g. :



Approximation of static plant 
characteristic

• Problem formulation
Performance index – a measure of the difference between function             and( )uF ),( θuΦ

( ) ( ) ( )
u

uuFQ
D

θθ ,Φ−=

( ) ( ) ( )( ) ( ){ }uguuFqQ uu u

θθ ,,max Φ=
∈D

( ) ( ) ( ) ( ){ }uguuFQ uu u

θθ ,max Φ−=
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Approximation of static plant 
characteristic

• Problem formulation
Optimal model: ),( *θuy Φ=

where *θ – optimal model parameters: ( ) ( )θθθ
θ

QQ
Θ∈

=→ min**

 

 
 

 

  

  



Linear case – problem formulation
Model: ( ) ( )uuy Tϕθθ =Φ= ,

( )

( )
( )

( )














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u

u
u

u

R

df

ϕ

ϕ
ϕ

ϕ


2

1

where e. g. : ( )











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





=

−1

1

Ru

u
u


ϕ

Performance index:

( ) ( ) ( )( ) ( )duuguuFQ u
T

u
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D

ϕθθ
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
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df
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Linear case - solution
Optimality condition for the vector      :θ

( ) ( ) ( )( ) ( ) ( ) ,02grad *
Ru

T duuguuuFQ
u

=











−−= ∫ ϕϕθθ

θ D

The solution is:

( ) ( ) ( ) ( ) ( ) ( ) duuguuFduuguu uu
T

uu

ϕϕϕθ ∫∫
−



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
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
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DD

1

*

RR
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
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
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



















=

0

0
0

0
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Linear case - solution
Note that:

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
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Linear case - solution
Let us choose             such that:

( ) ( ) ( ) Rji
ji
ji

duuguu uji

u

,,2,1,,
for0
for1

=




≠
=

=∫ ϕϕ
D

( )uiϕ

Then: ( ) ( ) ( ) I=∫ duuguu u
T

u

ϕϕ
D

and approximation algorithm has the form:

( ) ( ) ( ) duuguuF u

u

ϕθ ∫=
D

*



Linear case - example
Plant characteristic: ( ) 2uuFy ==

Model: ( ) ( ) uuuy T )2()1(, θθϕθθ +==Φ=

Interval:

( ) 







=








= )2(

)1(

,
1

θ
θ

θϕ
u

uwhere:

{ }10: ≤≤∈= uuu RD

Weight function: ( ) [ ]
[ ]




∉
∈

=
1,0for0
1,0for

u
uu

ugu

Performance index: ( ) ( ) ( )( ) ( )duuguuFQ u
T

u

2

∫ −=
D

ϕθθ



Linear case - example

Graphical interpretation:
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Linear case - example

( ) ( ) ( )( ) ( ) [ ] duu
u

uduuguuFQ u
T

u

∫∫ 
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
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
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1

0

2

)2()1(22 1
θθϕθθ

D

Solution has the form:

( ) [ ] 2

1

0

)*2()*1(2 0
11

2grad =



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
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Performance index has the form:
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* 1
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θ

Optimality condition has the form:



Linear case - example
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Consequently:



Linear case - example
3.02.1 −= uyOptimal model:

Graphical interpretation:
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Choice of the best model based on 
the noise free measurements
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Choice of the best model based on 
the noise free measurements

• Problem formulation
Experiment: [ ] [ ]NNNN yyyYuuuU  2121 , ==

Approximation function (model): ),( θuy Φ=

Measure of the difference: Nn ,,2,1 =∀ ( ) ( )( )θ,,, nnnn uyqyyq Φ=



Choice of the best model based on 
the noise free measurements

• Problem formulation
Performance index: ( ) ( )

NUNNN YYQ θθ −=
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Choice of the best model based on 
the noise free measurements

• Problem formulation
Optimal model: ),( *

Nuy θΦ=

 

identification 
plant 

 
 

 
 

  

The model is optimal for:
• given measurement sequence
• proposed model 
• performance index

( ) ( )θθθ
θ NNNN QQ min** =→


identification plant
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where: *θ – optimal vector parameter: ( ) ( )θθθ
θ

QQ
Θ∈

=→ min**
),( *θuy Φ=

( ) ( ) ( )( ) ( ) duuguuFqQ u

u

∫ Φ=
D

θθ ,,

[ ] [ ]NNNN yyyYuuuU  2121 , == ),( *
Nuy θΦ=

( ) ( )θθθ
θ NNNN QQ min** =→

( )uFy =
Approximation task 
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Linear case – example
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Linear case – example
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Linear case - recursive algorithm

New N+1 measurement point
How to adopt vector of parameters using new measurement?
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Linear case - recursive algorithm
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Linear case - recursive algorithm
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Linear case - recursive algorithm
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Linear case - recursive algorithm
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Neuron model simplification
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Neuron learning – delta roll

40

( ) ( )( ) 0
2 ,

2
1 θϕθθ uyQ T−=

Numerical optimization method (it will be)

( ) ( )θθθ
θ

QQ min** =→

( ) *
0

***
1 , θθηθθ θ nnn Q∇−=+ η – learning factor

( ) ( )( ) ( ) 0, θϕϕθθ uuyQ T−−=∇

( )( ) ( )
( )( )
( )1

**
1

1
*

1

*
011

*
1

**
1 ,

++

++

++++

∆+=

−=∆

−+=

nnnn

n
T

nnn

nn
T

nnnn

u
uy

uuy

ϕηθθ

ϕθ

θϕϕθηθθ



Neuron learning – delta roll

41

( ) ( )( )( ) 0
2 ,

2
1 θϕθφθ uyQ T−=

Numerical optimization method (it will be)

( ) ( )θθθ
θ

QQ min** =→

( ) *
0

***
1 , θθηθθ θ nnn Q∇−=+

η - learning factor

( ) ( )( )( ) ( )
( ) ( ) 0, θϕ
κ
κφϕθφθ uuyQ T

∂
∂

−−=∇

( )( )( ) ( ) ( )

( )( )( ) ( )

( )1
**

1

1
*

1

*
011

*
1

**
1 ,

++

++

++++

∆+=
∂

∂
−=∆

∂
∂

−+=

nnnn

n
T

nnn

nn
T

nnnn

u

uy

uuy

ϕηθθ
κ
κφϕθφ

θϕ
κ
κφϕθφηθθ

Φ – activation function, differentiable



Multilayer network 

42

 


[image: siec neuronowa]

image1.png









Model

43

 

( ) ( ) ( ) ( ) ,0

1
1

1














+= ∑

−

=
− ij

s
ij

I

s

s
jij

i
j

j

θθµφµ
( ) ( ) ( ) ( ) ,0

1
1

1














+= ∑

−

=
− ij

s
ij

I

s

s
jij

i
j

j

θθµφµ
( ) ( ) ( ) ( ) ,0

1
1

1














+= ∑

−

=
− ij

s
ij

I

s

s
jij

i
j

j

θθµφµ

( ) ( ) ( ) ( ) ,0

1
1

1














+= ∑

−

=
− ij

s
ij

I

s

s
jij

i
j

j

θθµφµ  

( )

( )

( )

,

1
1

2
1

1
1

1





















=

−
−

−

−

−

jI
j

j

j

j

µ

µ
µ

µ


 
( )

( )

( )

( )

( )

,

1
1

2
1

1
1

0
1

1

0
1

df

1























=











=

−
−

−

−

−

−

−
−

jI
j

j

j

j

j

j
j

µ

µ
µ
µ

µ
µ

µ


 

( )

( )

( )

,

1

1

0

df





















=

−jI
ij

ij

ij

ij

θ

θ
θ

θ


 

( ) ( ) .1 ij
T
jij

i
j θµφµ −=  


[image: neuron]

image1.png












image1.wmf

(


)


(


)


(


)


(


)


,


0


1


1


1


÷


÷


ø


ö


ç


ç


è


æ


+


=


å


-


=


-


ij


s


ij


I


s


s


j


ij


i


j


j


q


q


m


f


m




oleObject1.bin








image1.wmf

(


)


(


)


(


)


,


1


1


2


1


1


1


1


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


-


-


-


-


-


j


I


j


j


j


j


m


m


m


m


M




oleObject1.bin








image1.wmf

(


)


(


)


(


)


(


)


(


)


,


1


1


2


1


1


1


0


1


1


0


1


df


1


ú


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ê


ë


é


=


ú


ú


û


ù


ê


ê


ë


é


=


-


-


-


-


-


-


-


-


j


I


j


j


j


j


j


j


j


m


m


m


m


m


m


m


M




oleObject1.bin








image1.wmf

(


)


(


)


(


)


,


1


1


0


df


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


-


j


I


ij


ij


ij


ij


q


q


q


q


M




oleObject1.bin








image1.wmf

(


)


(


)


.


1


ij


T


j


ij


i


j


q


m


f


m


-


=




oleObject1.bin





Multilayer network 

44

 

( )

( )

( )

( )
( )

( )
( ),,1

df

1

212

111
2

1

jjj

jI
T
jjI

j
T
jj

j
T
jj

I
j

j

j

j

jj
j

θµφ

θµφ

θµφ
θµφ

µ

µ
µ

µ −

−

−

−

=





















=





















=


 

[ ]
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

.

111
21

11
2

1
1

00
2

0
1

21

df





















==

−−− j
j

jj

j

j

j

I
jI

I
j

I
j

jIjj

jIjj

jIjjj

θθθ

θθθ

θθθ

θθθθ









  

( ) .,,2,1,,1 Jjjjjj == − θµφµ  

( ) ( ).,, 111011 θφθµφµ u==  

( ) .1,,3,2,,1 −== − Jjjjjj θµφµ  

( ).,1 JJJJy θµφµ −==  

( )

( )

( )

( )

( )

( )

( )( )( )

( )( )
( )( )

( )( )

( ),,

,

,
,

,,,,
df2

1

df

1111

2

1

2

1

θ

θ

θ
θ

θθθφφφ

µ

µ
µ

uΦ

uΦ

uΦ
uΦ

u

y

y
y

y

L

JJJJ

I
J

J

J

L J

=





















==





















=





















= −−





 

{ }.,,, 21

df

Jθθθθ =  


[image: siec neuronowa]

image1.png












image1.wmf

(


)


(


)


(


)


(


)


(


)


(


)


(


)


,


,


1


df


1


2


1


2


1


1


1


2


1


j


j


j


j


I


T


j


j


I


j


T


j


j


j


T


j


j


I


j


j


j


j


j


j


j


q


m


f


q


m


f


q


m


f


q


m


f


m


m


m


m


-


-


-


-


=


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


M


M




oleObject1.bin








image1.wmf

[


]


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


.


1


1


1


2


1


1


1


2


1


1


0


0


2


0


1


2


1


df


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


=


-


-


-


j


j


j


j


j


j


j


I


j


I


I


j


I


j


j


I


j


j


j


I


j


j


j


I


j


j


j


q


q


q


q


q


q


q


q


q


q


q


q


q


L


M


O


M


M


L


L


L




oleObject1.bin




















image4.wmf

(


)


.


,


1


J


J


J


J


y


q


m


f


m


-


=


=




oleObject4.bin



image1.wmf

(


)


.


,


,


2


,


1


,


,


1


J


j


j


j


j


j


K


=


=


-


q


m


f


m




oleObject1.bin



image2.wmf

(


)


(


)


.


,


,


1


1


1


0


1


1


q


f


q


m


f


m


u


=


=




oleObject2.bin



image3.wmf

(


)


.


1


,


,


3


,


2


,


,


1


-


=


=


-


J


j


j


j


j


j


K


q


m


f


m




oleObject3.bin








image1.wmf

(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


(


)


,


,


,


,


,


,


,


,


,


df


2


1


df


1


1


1


1


2


1


2


1


q


q


q


q


q


q


q


f


f


f


m


m


m


u


Φ


u


Φ


u


Φ


u


Φ


u


y


y


y


y


L


J


J


J


J


I


J


J


J


L


J


=


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


=


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


ú


ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ê


ë


é


=


-


-


M


K


K


M


M




oleObject1.bin








image1.wmf

{


}


.


,


,


,


2


1


df


J


q


q


q


q


K


=




oleObject1.bin





Multilayer network learning

45

( ) ( )[ ] ( )[ ] ( ) ( ) ( )( ) ( )∑∑
==

=−=−−=
L

l

l
n

L

l
n

ll
nnn

T
nnn uΦyuΦyuΦyQ

1

2

1

2,,, εθθθθ ( ) ( ) ( ) ( ) ( )( ),,
df

θε n
ll

n
l

n
l

n
l

n uΦyyy −=−= Ll ,,2,1 =  

( )
( )

( ) ( )

( ) ( ) ,2 ,1
~~

,

s
nj

i
jns

ij

n

s
nij

s
ij

Q
−

=

−=
∂
∂

µδ
θ
θ

θθ

 

( )

( )

( ) ( ) 1,,2,1dla

dla

~~1

1
,1,1

df

−−=

=











=

∑
+

=
++ JJj

Jj

jI

p

i
npj

p
nj

i
n

i
jn

θδ

ε
ε  

( ) ( )
( )

( )
( ) ( )s

nij
s

ij

i
j

i
jiji

jn
i

jn d
d

,
~~

df )(

θθ
κ
κφ

εδ
=

=  

( ) ( ) ( ) ( ).0

1
1

df 1

ij
s

ij

I

s

s
j

i
j

j

θθµκ += ∑
−

=
−  

( ) ( ) ( ) ( ) .,,2,1,,,2,1,,,1,0,2
~~~~

1,1,1, JjIiIs JJ
s

nj
i

jnn
s
nij

s
nij  ===+= −−+ µδηθθ  

( ) ( ) ( )
( )

( ) ( )

,,,2,1,,,2,1,,,1,0,
~~~~

1
~~

,1,

,

JjIiIs
Q

JJs
ij

n
n

s
nij

s
nij

s
nij

s
ij

 ===
∂
∂

−= −

=

+

θθ
θ
θ

ηθθ  








image1.wmf

(


)


(


)


(


)


(


)


(


)


(


)


,


,


df


q


e


n


l


l


n


l


n


l


n


l


n


u


Φ


y


y


y


-


=


-


=




oleObject1.bin



image2.wmf

L


l


,


,


2


,


1


K


=




oleObject2.bin
























image4.wmf

(


)


(


)


(


)


(


)


.


0


1


1


df


1


ij


s


ij


I


s


s


j


i


j


j


q


q


m


k


+


=


å


-


=


-




oleObject4.bin



image5.wmf

(


)


(


)


(


)


(


)


.


,


,


2


,


1


,


,


,


2


,


1


,


,


,


1


,


0


,


2


~


~


~


~


1


,


1


,


1


,


J


j


I


i


I


s


J


J


s


n


j


i


jn


n


s


n


ij


s


n


ij


K


K


K


=


=


=


+


=


-


-


+


m


d


h


q


q




oleObject5.bin



image1.wmf

(


)


(


)


(


)


(


)


(


)


(


)


,


2


,


1


~


~


,


s


n


j


i


jn


s


ij


n


s


n


ij


s


ij


Q


-


=


-


=


¶


¶


m


d


q


q


q


q




oleObject1.bin



image2.wmf

(


)


(


)


(


)


(


)


1


,


,


2


,


1


dla


dla


~


~


1


1


,


1


,


1


df


K


-


-


=


=


ï


ï


î


ï


ï


í


ì


=


å


+


=


+


+


J


J


j


J


j


j


I


p


i


n


pj


p


n


j


i


n


i


jn


q


d


e


e




oleObject2.bin



image3.wmf

(


)


(


)


(


)


(


)


(


)


(


)


s


n


ij


s


ij


i


j


i


j


ij


i


jn


i


jn


d


d


,


~


~


df


)


(


q


q


k


k


f


e


d


=


=




oleObject3.bin








image1.wmf

(


)


(


)


(


)


(


)


(


)


(


)


,


,


,


2


,


1


,


,


,


2


,


1


,


,


,


1


,


0


,


~


~


~


~


1


~


~


,


1


,


,


J


j


I


i


I


s


Q


J


J


s


ij


n


n


s


n


ij


s


n


ij


s


n


ij


s


ij


K


K


K


=


=


=


¶


¶


-


=


-


=


+


q


q


q


q


h


q


q




oleObject1.bin





Thank you for attention


	Slajd numer 1
	Typical identification tasks
	Slajd numer 3
	Choice of the best model�Deterministic problem
	Approximation of static plant characteristic
	Approximation of static plant characteristic
	Approximation of static plant characteristic
	Approximation of static plant characteristic
	Approximation of static plant characteristic
	Approximation of static plant characteristic
	Linear case – problem formulation
	Linear case - solution
	Linear case - solution
	Linear case - solution
	Linear case - example
	Linear case - example
	Linear case - example
	Linear case - example
	Linear case - example
	Choice of the best model based on the noise free measurements
	Choice of the best model based on the noise free measurements
	Choice of the best model based on the noise free measurements
	Choice of the best model based on the noise free measurements
	Slajd numer 24
	Linear case – example
	Linear case – example
	Linear case - recursive algorithm
	Linear case - recursive algorithm
	Linear case - recursive algorithm
	Linear case - recursive algorithm
	Linear case - recursive algorithm
	Neural networks
	Neuron model
	Neuron model simplification
	Activation function
	Neuron learning
	Recursive algorithm
	Neuron learning
	Recursive algorithm
	Neuron learning – delta roll
	Neuron learning – delta roll
	Multilayer network 
	Model
	Multilayer network 
	Multilayer network learning
	Thank you for attention

