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Optimal model for:
• Given measurements sequences
• Klass of models
• Given performance index
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Full probabilistic knowledge
 First type regrsesion
 Second type regression

Unknown probabilostic knowledge
• Performance index estimatin
• Parameter estimation of the probability

distribution
• Probabilit ditribution estimatoin
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Methods:
 Least square
 Maximum 

likelihood
 Bayes’a
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Approximation of static plant 
characteristic

• Problem formulation

Weight function: ( )ugu
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Approximation of static plant 
characteristic

• Problem formulation
Static plant characteristic: ( )uFy =
F
u
y

– known function

– input vector

– output vector

Su RU ⊆∈
Ly RY ⊆∈

– input domainU

Y – output domain

Approximation function (model): ),( θuy Φ=

Φ

y

θ

– arbitrary given function

– model output vector 

– vector of model parameters

Ly RY ⊆∈
RR⊆Θ∈θ

– subset of input domainuD

Y – output domain



Approximation of static plant 
characteristic

• Problem formulation

Measure of difference: uu D∈∀ ( ) ( ) ( )( )θ,,, uuFqyyq Φ=

where e. g.: ( ) ( )∑
=

−=
L

l

ll yyyyq
1

2)()(, ( ) ∑
=

−=
L

l

ll yyyyq
1

)()(, – dimensional output

( ) ( ) ( ) ( )( )22 ,, θuuFyyyyq Φ−=−=

( ) ( ) ( )θ,, uuFyyyyq Φ−=−=

one dimensional output

L

)1( =L



Approximation of static plant 
characteristic

• Problem formulation
Performance index – a measure of the difference between function             and( )uF ),( θuΦ

( ) ( ) ( )
u

uuFQ
D

θθ ,Φ−=
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D
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Approximation of static plant 
characteristic

• Problem formulation
Performance index – a measure of the difference between function             and( )uF ),( θuΦ
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Approximation of static plant 
characteristic

• Problem formulation
Optimal model: ),( *θuy Φ=

where *θ – optimal model parameters: ( ) ( )θθθ
θ

QQ
Θ∈

=→ min**

 

 
 

 

  

  



Linear case – problem formulation
Model: ( ) ( )uuy Tϕθθ =Φ= ,
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Linear case - solution
Optimality condition for the vector      :θ

( ) ( ) ( )( ) ( ) ( ) ,02grad *
Ru

T duuguuuFQ
u
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θ D

The solution is:
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Linear case - solution
Note that:

( ) ( ) ( )
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Linear case - solution
Let us choose             such that:

( ) ( ) ( ) Rji
ji
ji

duuguu uji

u

,,2,1,,
for0
for1

=




≠
=

=∫ ϕϕ
D

( )uiϕ

Then: ( ) ( ) ( ) I=∫ duuguu u
T

u

ϕϕ
D

and approximation algorithm has the form:

( ) ( ) ( ) duuguuF u

u

ϕθ ∫=
D

*



Linear case - example
Plant characteristic: ( ) 2uuFy ==

Model: ( ) ( ) uuuy T )2()1(, θθϕθθ +==Φ=

Interval:

( ) 
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= )2(

)1(
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1

θ
θ
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uwhere:
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Linear case - example

Graphical interpretation:
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Linear case - example
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Optimality condition has the form:



Linear case - example
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Linear case - example
3.02.1 −= uyOptimal model:

Graphical interpretation:
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Choice of the best model based on 
the noise free measurements

• Problem formulation
Experiment: [ ] [ ]NNNN yyyYuuuU  2121 , ==

Approximation function (model): ),( θuy Φ=

Measure of the difference: Nn ,,2,1 =∀ ( ) ( )( )θ,,, nnnn uyqyyq Φ=



Choice of the best model based on 
the noise free measurements

• Problem formulation
Performance index: ( ) ( )

NUNNN YYQ θθ −=

where: ( ) ( ) ( ) ( )[ ]θθθθ ,,, 21 N

df

N uuuY ΦΦΦ= 

( ) ( ) ( )( )∑∑
==

Φ==
N

n
nnn

N

n
nnnN uyqyyqQ

11
,,, θααθ

( ) ( ){ } ( )( ){ }θθ ,,max,max
11 nnNnnnNnN uyqyyqQ Φ==

≤≤≤≤

( ) ( )∑∑
==

Φ−=−=
N

n
nn

N

n
nnN uyyyQ

11
,θθ

( ) { } ( ){ }θθ ,maxmax
11 nnNnnnNnN uyyyQ Φ−=−=

≤≤≤≤

e. g. :

e. g. :



Choice of the best model based on 
the noise free measurements

• Problem formulation
Optimal model: ),( *

Nuy θΦ=

 

identification 
plant 

 
 

 
 

  

The model is optimal for:
• given measurement sequence
• proposed model 
• performance index

( ) ( )θθθ
θ NNNN QQ min** =→


identification plant
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2
4

where: *θ – optimal vector parameter: ( ) ( )θθθ
θ

QQ
Θ∈

=→ min**
),( *θuy Φ=

( ) ( ) ( )( ) ( ) duuguuFqQ u

u

∫ Φ=
D

θθ ,,

[ ] [ ]NNNN yyyYuuuU  2121 , == ),( *
Nuy θΦ=

( ) ( )θθθ
θ NNNN QQ min** =→

( )uFy =
Approximation task 

where: – optimal vector parameter: 

( ) ( ) ( )( )∑∑
==

Φ==
N

n
nnn

N

n
nnnN uyqyyqQ

11
,,, θααθ

Identification task



Linear case – example

Model: ( ) ( ) uuuy T )2()1(, θθϕθθ +==Φ=

( ) ,
1








=

u
uϕwhere 








= )2(

)1(

θ
θ

θ

Experiment: [ ] [ ]NNNN yyyYuuuU  2121 , ==

 

 

 

 

 

Performance index:
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Linear case - recursive algorithm

New N+1 measurement point
How to adopt vector of parameters using new measurement?
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Linear case - recursive algorithm
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