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Model in the systems research

Effect:
. - New knowledge,
ayrt)r?(t)r:i?l:lgorithms N pan
e , : . -
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- Management -Measurement and
- Control - diagnostic devices.
- Diagnosis
X
Identification
plant
Experiment Data
Goal:
- investigation, \i
- project, _
- management, | Model» Comparison
- control,
- diagnosis,
Adaptation |
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Model in the systems research

* Conceptual models

* Physical models

* Analog models
 Mathematical models
e Computer models
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ldentification Task

Input Output

Identification >
plant

A 4

——> Identifier ‘“—
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ldentification task

Determination of the identification plant
Determination of the class model
Experiment organization

> W

Determination of the identification
algorithms

5. ldentifiers realization
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Known plant
characteristics
PLANT IN THE

CLASS

OF MODELS

Typical identification tasks

IDENTIFICATION
PLANT

Unknown plant
characteristics
CHOICE
OF THE
BEST MODEL

SN LN

Exact measurements

Noised measurements

Deterministic plant

Random plant

DETERMINATION PARAMETER CHOICE CHOICE
OF THE PLANT ESTIMATION OF THE OF THE
PARAMETERS OF THE PLANT BEST MODEL BEST MODEL
CHARACTERISTIC DETERMINISTIC PROBABILISTIC
PROBLEM PROBLEM
ELIROPEAN
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Plant in the class of model Choice of the best model
— %
D Y= (D(Z/l, QN)
1 u, Obiekt Va * ( * .
t u, \ 1 ~ A 0, > 0,\0 )=m1n (9)
i F(u,H) Yy UN = [”1 U, - Uy ]’ identyfikacji N QN N ) QN
’ o
r Y = . 0,(0) H—2+ * ( )
o — N bl Y2 yN] | QN_\PN UN’YN
| =F(u,,0), Iy l.6) ~ Uy= [”1 Uy = Uy ]»
n 23
i n=12,....,. N yeFw) - YN:[yl Yoo oo yN]
E (P =F0) N Optimal model for:
L . B Yy = f(UN,H) g *  Given measurements sequences
z : | df 7IN=2d) e Klass of models
i ——1 & N A N : .
z | 0=F (UN,YN) =¥y (UN,YN) e Given performance index
n ; u g 3
o, z, Methods vy ,
Least square
" y w = Maximum
—e F00) [ ) s likelihood
L Y/
o
S ' v Oy =Yy (UN’WN o
0 y=F(u,0, (u),
w =, “»
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” T Full probabilistic knowledge Unknown probabilostic knowledge
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Determination of the plant
parameters (3)

un yl’l
" Fe)
Measurements: N
UN:[ul Uy, =+ Uy}
YN :b/l Yoo ot Vn \yzF(u,G)
ol i
§ K
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Determination of the plant
parameters (4)

System of equations:
v,=Fw,,0), n=L2..N
can be written
oy o ol=lF.0) Fl,0) o Fluy.0))

For df
[Fu,0) Flus6) - Fluy,0)]=FUy.6)

we can rewrite given set of equations:

Yy :F(UNv‘g)
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Choice of the best model

Deterministic problem

A )Y

u
" Identification Y

Plant

Y

Performance |
index

A

> Model
_ Y
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Choice of the best model based on
the noise free measurements

* Problem formulation

Performance index: QN(Q):HYN —YN(Q){

Uy

where:  7,(0) = [0(u,0) (1.0) - Dluy,0)]

0,(0)= Z%CJ(yanF Z_‘,aﬂ(yn,@(unﬁ)) e.g.: Oyv(0)=D|y.-7|= Z:;\yn ~®(u,,0)

n=1

0,(6)=max{q(y,.7,) } = max{g(y,.®(,.0)} e.g.: 0y(0)=maxly, - 7,|}=max{y, - (u,.0) |

1<n<N 1<n<N 1<n<N 1<n<N
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Choice of the best model based on
the noise free measurements

* Problem formulation

Optimal model: ¥ =®(u,0y) N —>QN(9;v):mainQN(‘9)
u, identification | Va
plant | The model is optimal for:
0.() Oy * given measurement sequence
| e proposed model
®(u,0) < * performance index
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Neuron model simplification

J/ u(o):‘]
u@®
01
u®
02
u®
Og

S
y= ¢(Z O.u") + Hoj = 40" o)) @ activation function

s=1
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Plant parameter estimation
problem

Immeasurable Measurement
random i
l o noise l z)
parameter
u, _| Identification Y Measurement w, -
input plant output system Result of
measurements
Estimation
algorithm

Parameter l 2
: N
estimate
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Noised measurements of the
physical values

* Problem formulation .

Measurement noise: 0 h(@,Z) Vi (VN) Oy

\/
s

z  —value of random variable z from the space X

n

fZ(Z) — probability density function

6 - observed vector of parameters, value of random variable 8, € ® cC RE

fo (6’) — probability density function

Measurements: VNz[v1 vV, - VN]
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Noised measurements of the
physical values

General form of estimation algorithm:

QN = LIJN(VN)

e Solution:
— Least square method
— Maximum likelihood method
— Bayesian method
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Plant parameter estimation
problem

* Deterministic plant, noised measurements of the plant output

i > F(u,é?) il > h(y Z) o >
where:
Uy :[”1 u, - ”N]
> SUN(UNoWN) <
Wy :[Wl W, - WN]
l Oy Y, —estimation algorithm
6, —estimateof @
i HUMAN CAPITAL Wt Uty o o IS
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Plant parameter estimation
problem

* Immeasurable random plant parameter

Yn

—_— F(u,@,a)) —>

where:

UN:[ul u, - ”N]

YN:[yl Yo oot yN]

0
l N ¥, - estimation algorithm

—> \PN(UNﬂyN) «—

0, —estimate of 6
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\
!
=

®
~

Y

Yn

(un,yn),nzl, 2,...,N

are values of random
variables (z,y
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Choice of the best model,
probabilistic case

Two possible cases

4/\»

Full a’priori knowledge Incomplete probabilistic information

- joint probability density function

f(u,y) of random variables (y,y) joint probability density function

of random variables (u,y)
exist, but is not known. —

or
- conditional probability density Measurements:
function u_, n=12....N

and mrginal probability density function are values of (Z’X)

£.u)

are known
MAN ‘@ ELROPEAN
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Full a’priori knowledge

* Regression of the | type t"
f=®*(u)=1£3|z\z=u
y=0"(u)= @[X\z =ul= [y /(fu)dy
4 & EMZZ”'J
i HUMAN CAPITAL W IS
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Full a’priori knowledge

* Regression of the Il type

a(». ) =ly-y]'ly-7]

0(6)= [ [ly-@@.0)] [y~ o(u.0))x

X f(u,y)dy du
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Full a’priori knowledge

0" — m{}n 0(0)= mgin J-((D*(u)—d)(u,@))zfu(u)du

VA

the | type regression weight function

The Il type regression is the best approximation of the | type regression.
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical Estimation of the Performance Index

Empirical Probability Density Functions
Unknown parameters of the probability density functions

Empirical Probability Density Functions
Non parametric — Parzen estimation
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(1) (1)
M | 4,0 Wi Us ) (1)
X 1 P 3 A%
9 o™ % o
yl() Us v >
ugl) ygl)
<) 5 S0
(2) > 2
e w

Example of complex system
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Complex systems identification
problems

e |dentification with restricted measurements
nosibilities

* Local and global identification
* Multistage identification
* Compleks of operation systems

HUMAN CAPITAL r AR
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| M —

ldentification of complex systems with
restricted measurement possibilities

The following examples show the problem.

X U N =U, %)
_ Ol — 02 >

Cascade structure of two elements

For the above case the system description has the form:

ol o))

v=[0 zM:yg.

Y2

HUMAN CAPITAL r AR
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The following examples show the problem. 
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Choice of the best model of
complex system

* Locally optimal model of complex system

) . 50
q (Dl(ul’gl) ; QIN(QI)‘_> '@3(%,93) > Q3N(493)‘_>
A A A
) ! ! [ »
> 01 -I-b 03 >
y1<2) ugz) ,
(2) ugl) > yg])
u, S 02 R
»
_gl) \ 4 \ 4
> @2(1,{2,92) i O,y (‘92 )—>
g
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Choice of the best model of
complex system

* Globally optimal model of complex system

)
N0 u ! Us y 0 R
Ol 03 o
o e L) .
) )
x2) > 0, y3 .
Q) -
U y§2) Yy VY
0y(0) —>
— A 4 A
u) v ”gll RS T1
> D, (u,,0,) ®, (u;,6,) >
) ugzw 50) .
) Nk N
S ®z(u2,92) v >
ugz) )—éz)
7 =0(x,0)
i HUMAN CAPITAL it Uty o o IS
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Two stage identification and it’s
applications

U First stage Y
_> . .o . _>
identification plant
A
6,
U Second stage
—> . . .
identification plant
r i
. HM—I
Uy
M-th stage
identification plant
i HUMAN CAPITAL N scoAL Fid
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Two stage identification and it’s
applications

identification
P algorithm on the |«
1-st stage
e Space decomposition
u identification H s
ke »| plant on the Yo > * Time decomposmon
1-st stage
A
Oo,
identification
5 - - | algorithm on the [«
1,{2n2 identification 02n2 2-nd stage
P~ plant on the
2-nd stage
Z’llnlnz
identification
P algorithm on the [« Y ¢
2-nd stage Uy, id;:ntiﬁcat;on (91”2 id;:ntiﬁcati:m identification 91 Ny
plant on the 1 plant on the algorithm on the >
0 2-nd stage 1-st stage 1-st stage
2N,
? measurement system
Two stage identification §

i HUMAN CAPITAL
HUMAN - BEST INVESTMENT!

@ EURCPEAN
) Wroclaw University of Technology o

ject co-financed from the EU Eurcpsan Social Fund




@ Master programmes in English
: Wroctaw University of Technology 5
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ldentification of complex of
operations

T.=F,(u,a,), m=12,...M, T=H(T,T,,...T,)
H —function determining the total runtime of complex of operation

F.,F,,...,F,, —known functions

a,,a,,...,a,, —unknown parameters
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: Wroctaw University of Technology 5
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Basic optimization task formulation

x(l)
x(2)
Decision variables: x=| Objective function: y = F'(x)

X(S)

Set of feasible decisions (commonly defined by variables domain and constraints):

xeY

Optimization task: x — F(x")=min F(x), x" - optimal decision

* =
x €9,

min F(x) = —max(— F(x))

HUMAN CAPITAL 5 ey
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General classification of
optimization tasks

xPa

Unconstrained optimization: 7 = R°

Optimization under equality constraints: ¢
I ={xe R p(x)=0,0,(x)=0,...,0,(x)=0,L < S} ‘

Optimization under inequality constraints:

D ={xe R 1y, (x) <0y, (1) <0,...,p,, (x) <O

HUMAN CAPITAL e ey
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Analytical methods

* Unconstrained optimization

* Lagrange multipliers method — equality
constraints

 Kuhn-Tucker conditions — inequality
constraints

HUMAN CAPITAL I sooarines
i HUMAN — BEST IMVESTMENT! Wroclaw University of Technology
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@ Master programmes in English
| Wroctaw University of Technology -

at Wroctaw University of Technology

Unconstrained optimization

Optimization task: x" — F(x") = min F(x)

x*e‘%

Assumption: F'(x) is continuous and differentiable.

Necessary condition for x” to be local minima:  V_F(x") =0,

If F'(x) is convex function, then above equation is sufficient condition for x~ to be

global minima. Fa

V>.<
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at Wroctaw University of Technology

Optimization under equality
constraints

Optimization task: x" — F(x") = min F(x)

x*e‘%

T ={xeR°: ¢,(x)=0,0,(x)=0,...,0,(x)=0, L<S |

HUMAN CAPITAL T wnoren
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@ Master programmes in English
: Wroctaw University of Technology 5

at Wroctaw University of Technology

Optimization under equality
constraints

 The method of Lagrange multipliers

Lagrange function: A, |
L . A

L(x,2) = F(x)+ Y 4@, (x) = F(x)+ A ¢(x) A= 7 o(x)=
[=1 )

Necessary conditions of optimality: A

V.L(x, ). , =04

_¢1 (x)
®,(x)

K% (x)_

vV, L(x, i)‘x*’f =0, [Ifandonlyif rank G(x) =rank [G(x) | -V _F(x)]

Where: G(x)=[V.p(x) | V.p,(x) i - | V. o, (x)]

HUMAN CAPITAL 5 ey
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@ Master programmes in English
| Wroctaw University of Technology -

at Wroctaw University of Technology

Optimization under equality
constraints

 The generalized method of Lagrange multipliers

Generalized Lagrange function:
L
L(x, A, 2) = 2, F(x)+ > 4,¢,(x)
/=1
Necessary conditions of optimality:
V.L(x, A 4) ., =0

VLA A, =0,

HUMAN CAPITAL e ey
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@ Master programmes in English
: Wroctaw University of Technology 5

at Wroctaw University of Technology

Optimization under equality
constraints

 The generalized method of Lagrange multipliers
L
V. L(x,A,2)) = 3,V F(x)+ > AV ¢,(x) =0
=1

L L
10 A0 VF@EY Y 000=0 = V@Y AY,000 =0,
I=1

=1 Y
L
=1V _F(x)+ Z/IZngol (x)=0g We obtain regular solutions.
/=1
L . . .
20 2,=0 Z;ﬁvx% (x)=0, We obtain irregular solutions.
/=1

2 L(x, A, 4).

Second order condition of optimality requires analysis of H(x,4,4,)=V

HUMAN CAPITAL 5 ey
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@ Master programmes in English
| Wroctaw University of Technology -

at Wroctaw University of Technology

Optimization under inequality
constraints

Optimization task: x" — F(x") = min F(x)

x*e‘%

T ={xe Ry, (x)<0,p,(x)<0,...,p,, (x) <0

HUMAN CAPITAL e ey
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at Wroctaw University of Technology

Optimization under inequality constraints

Lagrange function: Kuhn-Tucker conditions i n ]
Lx,))=F(x)+u'y(x) < L(x,p)= F<x>+2umwm<x) Lyl
| Hy
Necessary conditions of optimality:
VLG ) =0
UV, L u)\ K
L v, L(x, u)\ <0
a, B
>
| @ | A u _OM If solution is regular
a=| . p= :
L ag | B as<f=V_ o, <p

Project co-financed from the EU Europsan Social Fund



@ Master programmes in English
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at Wroclaw University of Technology

| A —
Optimization under inequality constraints Kuhn — Tucker rolls

Regularity Conditions
1. Karlin: constraints wl(x), v, x), Wy (x)- linear

2. Slater: constraints i/, (x), v, (x), Wy (x) - convex functions and feasible set is

not empty
3.Fiacco — Mac Cormica: in the optimal point gradients of all active constraints are linear

independent, i.e.: . .
Vme I(X ) wam (X szx* are linear independent

4.zangwil:  P(x")=D(x")

5. Kuhna — Tucker’a: for each direction d € @(x ) there exists regular curve starting in
the point x* tangent to that direction

€ (‘9)_
VdeP(x") Je(3), $elo,1]
o ¢(0)=x" e(3)= “ (9)
o ¢(9)eD. VIelo,1] e'
. de(Q)‘gzo —r.d ().

Project co-financed from the EU Europsan Social Fund
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Saddle point

Saddle point (x*,y*)

1 L(x,p)
i b
U
L(x*,,u*)S L(x,,u*) Vx e D(x)c R*
L(x*,,u) L( *,,u*) Yu>0,,

i HUM, CAEIT&L (x moﬂ JU niversity ‘%E”R} maX L ’Gﬂn
HUMAR — BEST INVESTMENT /’l>OM
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at Wroctaw University of Technology

Numerical optimization methods
x* = F(x*) = min F(x)

XED,
x(2)
Analytical methods has drawbacks,
TS when:
H:f:« . '“\ 1. The goal function F and constraints
, //r /Li;*;) f,f J.? I& @, Y are nonlinear.
/’/ / k\ "// /] 2. Functions F, ¢ and 1 are non-

/ ( ‘“~~~-~*’/ differentiable
| \_K B 3. Mathematical formula describing
\ T / functions F, ¢ and y is not available,
\“‘“"-xh_______ﬂxf”"ﬁ it can qnly be.,,measu re.d.” |
4. Large dimension of decision variables
vector

@D

- e e e . . . SOOAL FUKD
‘ HUMAR - BEST INVESTMENT! “ Wroclaw University of Technology

Project co-financed from the EU Europsan Social Fund



@ Master programmes in English
| Wroctaw University of Technology -

at Wroctaw University of Technology

Numerical optimization methods

x @
/W"ﬂ: ﬂ\ Algorithm
/ /Tr;<;*ﬁ }E Xn+1 = Lp(xn)»xo
¢ S ‘_f// /'f / I
;oo / )
!,-/ | (f" N e /' * Choice of the search
/ I U / direction.
| |
‘ | e - * Line search optimization.
—___h . .
Xo X1 * Stopping conditions.
~ 'Hu_.__._d____._~—-“""_r/
d
d, x@®

Xy X1y ey Xgy ey Xy = X
F(xg) >F(xq)> ..>F(x,) > ...>F(xy) = F(x")

HUMAN CAPITAL T wnoren
i HUMAR - BEST INVESTMENT! W Wroclaw University of Technology o
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Project co-financed from the EU Europsan Social Fund



@ e Master programmes in English
W_| Wroclaw University of Technology ot \\roclaw University of Technology

e
Xo
-ﬁ}gﬂ)' I * Basis of search directions —
— :;,__H_'“"‘\ non-gradient methods.
/j; ’f?ﬁx\‘ ]
X1 iy, .-'I-; H . .
/ / / (x;x*’ s e Search directions based on
: [ /] . .
/ / N // /S gradient vectors — gradient-
I:f { x, T / based methods.
) _—
————-
Xo X1
&“‘-—___,____a_______.—wf,z
d
d 1
1 x( )
: Hm!:, cﬁrl[.rfll' Wmclaw University of Technology mgﬁmﬂ;
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| Wroctaw University of Technology -

at Wroctaw University of Technology

Line search optimization

@
X — initial solution
X1 — next solution

d — search direction
T — step size

" - F(xy + t°d) = min F (xy + td)
T
Xq,d — fixed

F(xg+71d) £ f(7)

E) f (t) —a single variable function
(of the step size 1)

T > f(T7) = min f(7)

line search optimization = optimization of a single variable function

HUMAN CAPITAL T wnoren
i HUMAR - BEST INVESTMENT! W Wroclaw University of Technology o
.
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| Wroctaw University of Technology -

at Wroctaw University of Technology

Reducing the interval of uncertainty

Assumption: t* € [a, b]

f(t)

HUMAN CAPITAL T wnoren
i HUMAR - BEST INVESTMENT! W Wroclaw University of Technology o
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Splitting the section into two parts

f(r)

f(an)? f(Br)

f(bn)

flan) < f(Brn)
An+1 = An

bny1 = Bn

i HUMAN CAPITAL
HUMAN - BEST INVESTMENT!

f(z)

Wroclaw University of Technology

ject co-financed from the EU Europsan Socis

| Fund

aan an .B’I;l b;t T
f(an) > f(Br)
An+1 = An
bnt1 = by
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| Wroctaw University of Technology -

at Wroctaw University of Technology

Dichotomous search method

f(t)
Input data: ag, by, €, 6
f(by) Step O: n=20
Stepl: a, = %(an +b,) —6

Bn =%(an+bn) +0
Step2:  If f(ay) < f(B,) then

An+1 = Ap, bn+1 = ,Bnr
otherwise

Ant1 = On, bpyq = Dy,

:Cr,,__________________

T  Step3: |If|byyq — Apeq| = ethen
n:=n+1,gotol,
otherwise
.1

N =? T = 5(an+1 + bpy1) (STOP)
i HUMAN CAPITAL it Uty o o IS
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The golden section method

f(t) Input data: ag, by, &,y = V5t

Step0: n=0 i
ag = by +y(ap — by)
fb) Bo = ao +v(bo — ao)
Step1: If |b, —a,| <&, then
= %(an + b,))(STOP)

f(ay,)

|
I
/ | otherwise go to 2
RS | Step2:  If f(ay) < f(B,) then
|

s
r -

flax) ! An+1 = QAn, bn+1 = :Bn:
ay ,f?n b, T ,Bn+1 = Uy, Opyq = :Bn + V(an - bn)
An+1 I:[n-.l-l 3;+1 b:ﬂ n=n-++ 1, g0 to1l
Unt1 @nt1 Prsy b otherwise
VZ +y —1=0 Apt1 = Qp,bpyq = by,
y = % ~ 0.618 N =? An+1 = :Bnl .Bn+1 = an t V(bn _ an)

n=n+1,goto1l

HUMAN CAPITAL e ey
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at Wroctaw University of Technology

Quadratic-fit line search method

f(t) q() a<b<c
f(a) = f(b)
f(b) < f(c)

q(t) — quadratic-fit function
T* - minimum of the function q(7)

F@GE-Da-0) G- )0
== ha-90 " o-ov-0

fle)@-—a)@—b)
(c—a)(b—c)

,_1f@(* = c?) + fB)(c? —a®) + f(c)(a® — b?)
T2 f@b -0+ fb)c—a) +f©)(@-Db)

HUMAN CAPITAL @ e
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Line search using derivatives

Tn+1 = Tn — an’(tn) Yn > 0,79 f(z)

lim y, =y Zyn=°°
n—>00 -

e.g. |tn1 — 7ol < €& (STOP)

To

71 = To — Yof  (To)

T, =71 —V1f ' (T1) = 70 — vof (to) —v1f ' (71)
Tne1 = Tn T ynf,(Tn) = =T — Vof’(To) —y1f'(t) — - = ynf,(Tn)

[Ts1 = 7ol = | Z Vef @)l < Z relf' @)l < max I (x| Z e

-

ELUROPEAN
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Line search using sign of derivatives

Tp+1 = Tn — Upsign[f'(t,)]
Yaf '(Tn) = valf (@)l = sign f'(z) = O, sign[f'(t,)], where 9, = y,|f " (T0)]
9, >0

lim 9,, = 0, because lim |f'(t,)| =0, lim y,, =y
n—oo n—oo

n—oco

(00]
- . _ . ! _
E Up = 00 lim ¥, = lim y,|f"(z,)| =0
n—>00 n—->00
n=0
i HUMAN CAPITAL w” o sooarines
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Bolzano method

fz)

fz)

sign a,, # sign by,

e 2 @t by) bn T

1 1
sign f'(an) = signf'; (an+ b)) f’ (5 (an + bn)) =0

1
An+1 = E (an + bn)

bpt1 = by

i HUMAN CAPITAL
HUMAN - BEST INVESTMENT!

1
T:= E(an + b,)

Wroclaw University of Technology

ject co-financed from the EU Eurcpsan Social Fund

f(z)

an %(u,, + by,) bn T

sign f'(bnl)
= Signf,(i (an + bn))
Ap+1 = Qn

1
bpy1 = E (an + bn)

ELIROPEAN
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Newton’s method

f@)

f(r)

q(t)

To
_ f'(Tn)
n
Tne1 — Tnl < € (STOP)

|
|
|
|
|
|
|
|
|
+

T'U T T

1
f(@)=f(o) + (@ —710)f ' (70) + > (T — 70)?f " (t0) + 03(IT — 701)

\ J

Y
q(7) ,
! ! * " _ * __ f (TO)
q' (1) = f'(1e) + " —70)f" (1) = 0 T =To— Zn
f (7o)
i HUMAN CAPITAL Wt Uty o o IS
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o a—
Method of Hooke and Jevees with

discrete steps

x@ @
rﬂ_ﬂ—‘.._f_:‘i_h“ [——
e T T 7
G S N
/’; 1,51 LR - '
/ S x e }"f /] 7 / // <
/ { - I\"““'*""J/z?f/ Xo=24 Jf/ (
- f !
| X=2 1 \uﬂzhzﬂrhu_h_gﬂ% I\ \\
N— _._-_____,,..r/; e o
dy d,
d : 1 d 1
! T — step size x @) 1 xM

a > 1 exploratory step size
f € (0,1) acceleration factor

=
T:=10
HUMAN CAPITAL T o
i HUMAR - BEST INVESTMENT! W Wroclaw University of Technology o
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Method of Rosenbrock with discrete
@ steps

T — step size
a > 1 — exploratory step size
R acceleration
/' f B € (—1,0) — acceleration
factor
Tg = To
Ts = Tgf
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Method of Hooke and Jeeves using line
@ searches
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Method of Rosenbrock using line
L@ searches
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Powell’s method — conjugate
directions

di,d,, ..., ds -conjugated directions,
A — symmetric, positively defined matrix

0 i#j @
dTAd. = F(x) =x"Ax+b" + ¢
i j I e
1 i=j \
_-'.r'-"'"_‘_—p-_-_ ST T
s N
/s N
;f / x* /
| | s
| ! /
' /
\\\ e
N - P
dz HHHHH "_'___—/
d
1 X (‘] )
i HUMAN CAPITAL it Uty o o IS
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Powell’s method — conjugate
directions

x@),  Fx)=xTAx+b" +c¢

X1 =X +x"d

T* - optimal step size along
the direction d from x,

X, =xo+1"d

T*' - optimal step size along
the direction d from x|

dTAd' =
: d, d’- conjugated with
d respect A
/ 1
4’ = X1 —X1 x ()
_ /
e — x|
i HUMAN CAPITAL it Uty o o IS
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Powell’'s method
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Nelder-Mead method

X1 X9 ...Xs41 - S-dimensional simplex

“h = Fle) =, o POk
x; 2 F(x;) = min F(x
L FG) = | min G

_ 1 2
x—S Xg

s=1,s+H

Initial simplex:

Na Xg, C a=$(\/5+1+ v2—-1)
C

di=[ ] X; = Xo + dj, Xs41 = X

HUMAN CAPITAL T wnoren
i HUMAR - BEST INVESTMENT! W Wroclaw University of Technology o
.
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Nelder-Mead method

@

M)
i HUMAN CAPITAL RPN
HUMAN — BEST IMVESTMENT! Wroclaw University of Technology
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Nelder-Mead method

Reflection
x*=x+ a(x — xy)
T N — a — reflection coefficient

;f fa >0
o fan ¥ F(x™) < F(x)
-~ 7 X Expansion
d xt=x+ylx*—x) y>1

y — expansion coefficient
If F(x*) > F(xy)

Ak Contraction

x*™ =x+ [(xyg — X)

If F(x*) > max F(x;)

1<s<S+1
S¥H

x**=x+pBx*—x) PL€((,1)
B — contraction coefficient

HUMAN CAPITAL e wnoren
i HUMAR - BEST INVESTMENT! W Wroclaw University of Technology o
Praject cc

Project co-financed from the EU Europsan Social Fund



@ Master programmes in English
| Wroctaw University of Technology -

at Wroctaw University of Technology

The gradient descent method

Xn+1 = Xp + Tndn

(0]

x?) d, = -V, F(x,) ;1 >0, Al_{rolo Th =T, z Tp = @

n=0

”xn+1 - xn” = ”Tndn” <E€

d?.
= x
HUMAN CAPITAL : ELICERAM
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The gradient descent method

@
Xns1 = Xp + Tndy
d, = —-V.F(x,), T,—optimal step size
n x n n — OP P
along the direction d,,
Xn+1 —xall < e
dp
iE:lill x[1)
i HUMAN CAPITAL it Uty o o IS
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Newton’s method

1
F(x) =\F(x0) + (x — x0) "V F (xg) + > (x — x0)"H () (x — x0) }+ 03(llx — xol)
@

|
Q (x)
V,Q(x) = V. F(xq) + H(xo)(x* — x9) = Os

x* = xg — H™ " (x0) Vi F (x0)

Xn+1 = Xn — H_l(xn)VxF(xn)

d @D
HUMAN CAPITAL soon D
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Variable metric methods
Step 0: z; = x,
dy = —D;V,F(z;) D=1
Step 1: zg41 = z5 + 14dg T, —optimal step size along the direction d;
If |zsds]l < e (STOP)
otherwise go to 2

Step 2: dgyq = —Ds1 1V F (Zs41)

pspg _ DSquzDS
prqs  qlDsqs

ps = Tsds, Qs = VxF(Zs+1) - VxF(Zs)
s:=s+1, goto 1
Dsy1 =~ H M (x541)

HUMAN CAPITAL e ey
i HUMAN — BEST INVESTMENT! @ Wroclaw University of Technology s o
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Fletcher-Reeves method of
conjugate gradients

Step0:z2; =%x¢, s=1, di = -V, F(z1)

Step 1: z 1 ==z, + Tdg
T, — optimal step size along the direction d;
If |T,ds]| < & (STOP)

otherwise goto 2

|VxF(Zs4 1)l d
s

Step 2: dgy 1 = =V F(Zs41) + |V, F (z5)l

s==s+1, goto1l

d4,d,, ..., ds — conjugate directions

HUMAN CAPITAL 5 ey
i HUMAN — BEST INVESTMENT! @ Wroclaw University of Technology s o
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Fletcher-Reeves method of
conjugate gradients

Step0:z2; =%x¢, s=1, di = -V, F(z1)

Step 1: z 1 ==z, + Tdg
T, — optimal step size along the direction d;
If |T,ds]| < & (STOP)

otherwise goto 2

|VxF(Zs4 1)l d
s

Step 2: dgy 1 = =V F(Zs41) + |V, F (z5)l

s==s+1, goto1l

d4,d,, ..., ds — conjugate directions

HUMAN CAPITAL 5 ey
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Numerical constrained
optimization methods

x* - F(x*) = )rcrel%)n F(x)

1. Elimination of constraints
2. Penalty function method
- exterior penalty

- barrier function

3. Methods of feasible directions

x ) 4. Other approaches

HUMAN CAPITAL e ey
i HUMAN — BEST INVESTMENT! @ Wroclaw University of Technology s o

Project co-financed from the EU Europsan Social Fund



@ Master programmes in English
| Wroctaw University of Technology -

at Wroctaw University of Technology

Elimination of constraints

* min F(x
X XED, (x)

p:R°> > D,
_ x=p(2)
F(z) = F(p(2)

Z€R° > x €D,

k . —
Z min F(z)
ZERS
HUMAN CAPITAL : EURCPEAN
i HUMAR - BEST INVESTMENT! Wroclaw University of Technology s o
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1, >0 lim 3, = oo

Kk—o00
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|
|
|
| !
| |

X
|
Ky (x ) : I)I |
| |
| |
| |
| |
! |
I I

Fp(x) | X
|

X

1, >0 limr, =0
k— oo
i HUMAN CAPITAL octow Ushty o ety B
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AN RRAL
Tl IGF@I

x:P(x)—6 <0

d
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Gradient projection method of
Rosen

@

Me)

Pm(X)

Leh)

Ym (%)

e

HUMAN CAPITAL T wnoren
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Random search - Down Hill method

Data: F(x), X, D, N

Step 0: n=0, x = X,

Step 1: Generate point x,,, intheset D_ with unity probability density
Step 2: IF F(xn+1)< F(x*) THEN x = X,

Step3:IF n<N THEN n=mn+1 GOTOSTEP1

Step 4: x = Xy

HUMAN CAPITAL e wnoren
i HUMAR - BEST INVESTMENT! W Wroclaw University of Technology o
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Random search

F(x)

HUMAN CAPITAL T wnoren
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Nature-Inspired Algorithms
Bibliogrphy

* (Clever Algorithms: Nature-Inspired Programming Recipes, Jason Brownlee

* Population-Based Incremental Learning: A Method for Integrating Genetic Search
Based Function Optimization and Competitive Learning , Shumeet Baluja, School of
Computer Science Carnegie Mellon University Pittsburgh,1994

e The Bees Algorithm — A Novel Tool for Complex Optimisation Problems, D.T. Pham,
A. Ghanbarzadeh, E. Kog et. al, Cardiff University, 2006

e Zastosowanie Algorytmow Rojowych do Optymalizacji Parametréw w Modelach
Uktadéw Regulacji, Mirostaw Tomera, Zeszyty Naukowe Wydziatu Elektrotechniki i
Automatyki Politechniki Gdanskiej Nr 46, 2015

* Automatic Tuning of a Retina Model for a Cortical Visual Neuroprosthesis Using a
Multi-Objective Optimization Genetic Algorithm, Antonio Martinez-Alvarez, Rubén
Crespo-Cano, Ariadna Diaz-Tahoces et. al., International Journal of Neural Systems

26/7, 2016
Praiect co-finance Rl Elifetean Social
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General problem formulation
x* - F(x") =£161%)r316F(x)

D, ={x €ERS,0;(x)=0,l=1,2, .., L (x) <0,m=1,2, .., M}

s

F(x)=cTx = Z csx (S
s=1
s
o (x)=a] — b, = zalsx(s) —-b=0 [=1,2,..,L
s=1
s
Yn(x)=alx—b, <0= Zamsx(s) —b,<0 m=12,...M
s=1

x®>0 s=1,2,..,S

Project co-financed from the EU Europsan Social Fund
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1. Solution is located on a

vertex
/ 1
N“F N x[ )
T a
i HUMAN CAPITAL it Uty o o IS
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/D 2. Solution is located on an edge

A _.‘.,
d, c
?]\p&) - / (@D
o

HUMAN CAPITAL T wnoren
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Geometric view

£ @

3. Unbounded solution

Sy
7Z + 7

=
c
d?.
— fr X 1)
S
o
i HUMAN CAPITAL soom
HUMAN — BEST IMVESTMENT! Wroclaw University of Technology
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Standard form

F(x) =cTx

A: DX = {x € RS,Ax—b = OL'x > 05}

or

B: Dx = {x € RS,Ax_b < OL,x = 05}

C1 by x aiq ais
Cc = - 1, b = : ) X = : ) AS.X'L = :
Cs b; xS ary ars
i HUM'_AN CAPIT&L Wroclaw University of Technology sccsi v
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The simplex method

1. Generation of initial basis

2. Checking c — cgB~ 1A > 0. If it holds, then xj is basic feasible solution x =
[x5 O]

3. Suchak thatc, —z, = 1r£1i£15(cs — z.) is introduced to the basis
SSs

4. Checking, whether hj, < 0, if it holds true — solution is unbounded

5. Removing such | from the basis, for which:

th . hsO
hye Bty hsie > 0)

6. Ig:=Ig\{l}u{k}
Ip={€{1,2,..,5} xU) belongs to the basis }

HUMAN CAPITAL e ey
i HUMAN — BEST INVESTMENT! @ Wroclaw University of Technology s o
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Cq Cr Cg
o~
b?zf\:/r;e 9 hO hl hk hS hsO hsk =0
hsk
Xj1 Cj1 hig hiq hyg hys
,:\
< | X Cjit hyg hiy (hlk> hys
)
XjL GiL hio hiq hik his
(1= 241 Cp =2 | Cs — Zg
— h R = hlS . nl =h hikhls
Zg = Cslsk ls'_h_' is — s ™ h
Ik Ik
SElpg

HUMAN CAPITAL [ oy
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Quadratic programming

xT > F(x7)= mglF(x)

F(x)=x"Dx + c'x

D,={x € R°,Ax = b,x = 0}

HUMAN CAPITAL e i
i HUMAN — BEST IMVESTMENT! Wroclaw University of Technology
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Linear Fractional Programming

x" = F(x")=min F(x)

xeY,
a' x+b
F(x)=— acR , beR,ceR ,deR
c x+d
c'x+d=#0

D, ={x ER°,Ax —e < 0;,x = 0¢}

Charnes - Cooper Method

HUMAN CAPITAL r —_
i HUMA — BEST INVESTIMENT! @ Wroclaw University of Technology o omcetan
Project ¢« e A =T -
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Discrete programming —
branch and bound method

x* - F(x*) = rélin F(x)

xc

Dyc =D, N {x(s) cC s=1,2,..,5} integer decision variables

Special case
Dye = {x1, %5, ..., X3 } — finite set, k — large number

D, = {0, 1} - binary programming

HUMAN CAPITAL 5 ey
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Step0: Dy = {Dye =Dy}, n=0,Jp =1

Step 1: Determineaset D* € D,
F(D*) = Zgrel%}i}"(ﬂ)

Step 2: Checking whether D* isaset? ({x*} = D*)
orx* ~F(D")ie. F(D*) =F(x*) x* € D*(?)then x* optimal solution
STOP

Step 3: D* =D, issplit up into M disjoint sets

M
DinkDonk - Dynk  Dni = U Dmnk
m=1

Stepd: D" =Dy

Dn+1 = Dy U {D1nk, Danks -+ » Dunk\Dnk

Dpy1,j = Dyj j=12,..,k—1

Dpt1,j =Dmnk j=k+mm=12,..M

Dyy1,j = Dnj j=k+M+ii=k+1,.. ) ns1=Jn+M-—1

HUMAN CAPITAL e ey
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n=20J=1 Dy: X1 ~F (Dy) = {Dm = Dxc}
M
Dy1 = U Dimos
m=1 ‘L
fim Dk—1,01 Dyo1 Dk+1,\o1A DM{‘
x5 ~F(Dqq) - X1k-1~FDik-1) X1i41~F (D1x+1) * ¥im~F (D1n)
x1k~T(D1k)
i 4//\
n=2/,=2M-1 D11k Dmik  Dmak
v

x;,M—1~T(D2,M—1)

%
« Xop_1~F X2 k+m™~F (Dz,k+

xikk"’F(Dzk) x;,k—1+m~~7:(D2,k—1+m)“' x;,k—1+M~?(D2,k—1+M)

HUMAN CAPITAL T ey
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A game against nature

d; -the minimum profit for i-th row
A_ - the maximum profit for i~th row Hi(y): a,y+4 (1_7/) /= [Oa 1]

The Hurwitz rule.

Analyzing the subsequent rows of the matrix we find the minimum and the maximum
revenue, i.e. values a,, Al. and value of the function H;(y) for a given y. We make
such a decision, for which the value of the function H;(y) is the greatest. In case of
ambiguity, we recommend all the decisions for which the above condition is satisfied.

ey
corn drought normal rain y=05
10

1 8 10 12 8 12
2 10 11 7 7 11 9
3 9 13 8 8 13 [ < max
4 11 10 6 6 11 8.5
5 10 10 Y 9 9 10 9.5

HUMAN CAPITAL r hrac
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Two-person zero-sum game

Two-player zero-sum game
Payoff matrix of player A: Payoff matrix of player B:

a;1 Q42 —Q11 —QA12 .- e Ty

AZ a1 0Ayy e Aom . Aoy A2 —ay1 —0Qy> . —Aom .. —Uom

A, Ani Qpy . Qum - Qpy A, —Ap1 —Apy . —Apm - —Opm

Ay aAyi Anz - Aym - AnMm Ay —ay1—Aayz2 - —OQnm - —Qnpm
Player A aims to maximize revenue Player B aims to minimize losses

Usually the payoff matrix of player A is presented
E ,','!,EHE ,Eﬁf}?" Wroclaw University of Technalogy socn s
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Decision making using game theory

* Typical approaches to game solving
— determination of saddle point
— removal of dominated strategies

— determination of mixed strategies for:
* N=2 and M=2
* N>2 and M>2
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Separable goal function and separable
constrains with coordinate variable

Il K F(w)=
min F(x) = mmH(F (W), Fy (X W, Fie (6, W) 6 ) o o ol 1)
?
xl € @x] (W) X” < @xﬂ (W) I?(W)
X" (w) X (w)

in 5] [ o] [ o | [Fo =P
Xl*(W) W X”*(W)‘ W xK*(W) W i )

| W

X" (w) x""(w)

X" X'
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Multistage optimization

Step 1. Xy =GS(x1,...,xS_1)—>FS(x1 ,xz,...,xs): min FS(xl,xz,...,xS)

xg€Y

The value of the goal function in the optimal solution:
A

*
FS_1<x1 ,xz,...,xS_l)zFS(x1 ,xz,...,xS)zFS(x1 ,xz,...,GS(xl,...,xS_l))

Constraints in the optimal solution:
A

@S_l(xl,...,xS_l)z@S(xl,...,xS_l,x:; =GS(x1,...,xS_1))=
([xl X, Xg | € RS

gols(xl,xz, e GS(xl,...,xS_l)):(DIS_I(xl,xz,'--,xs_l):O,l:1, 2,..., L, >
\l//mS(xl,xz,---, GS(xl,...,xS_l)):l//mS_l(xl,x2, '--,xS_l)S Oom=12,....M

N\

J
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Multistage optimization

Step 2. xg, =GS_1(x1,...,xS_2)—>FS_I(xl,xz,...,xs_l): min FS_l(xl,x2,...,xS_1)

X5 1€%s

The value of the goal function in the optimal solution:
A

%
Fs_z(x1 ,xz,...,xS_z):FS_l(x1 ,xz,...,xs_l)zFS_I(x1 ,xz,...,GS_l(xl,...,xS_Z))

Constraints in the optimal solution:
A

*
@S—Z(‘xlﬂ"'DxS—Z):@cS—l (xp---axS—z»xS—l :GS_1(x1>---axS—2 )):
( T S-2 .
[xl X, ---xS_Z] e R
¢15—1(x1» Xostty GS_1(X1>---axS—2)):(015—2(x1>x29 "'axS—z):()a [=1,2,...,L, >
kl//mS—l(xDxZ? T GS_1(X19--->xS—2)):‘//mS—z(xla X" xS—z)S 0,m=1,2,....M

N
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Multistage optimization

Step S-1. xi = F(x/ )= min £ (x,)

x €9,

We may now return to expressions ,,G” determined in the previous steps

* * * %
xS_l _GS_l(xl ,xZ ...’xS—l)

* * * *
Xg :GS(xl,x ,...,xS_l)
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. P(y ,x,) i1 Vpsl = P(yn9 xn)9 Yo

A2
\

Xo X Xy
A A e :
U/ U/

Yo oo Y v, Yva Yy

N-1 A
Q(x09x19'"9'xN—19y19y29"'9yN): ZAnH(xn’yn+1):F(yO9xO9x1"‘"xN—l)
n=0
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Dynamic programming

Step 2. x;,_z —> min{A N1 (X N-2sV N1 )+ VN—I (y N-1 )}

We know, that Vy_; = P(yN_z, XN_z)

Xy_p = Gy, (y N-2 ) — min {AN—I (XN—z , P (J’ N-2sXN_2 )) +Vy (P (y N-25XN_2 ))}

XN-2

A

Vi (y N-2 ): min {AN—I (‘xN—Z , P (y N-2>XN_2 )) +Vy (P (y N-2>XN_2 ))} =

XN-2

= {A N1 (x;f—z , P (y N2>y ))"' Vo (P ()/ N-2Xy_2 ))} =
=4y (GN—2 (y N-2 )a P (y v-2>CGnos (y N-2 ))) +V (P (y v-2>CGnos (y N-2 )))
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Dynamic programming

Step N. X _)min{Al(x09yl)+Vl(yl)}

i

We know, that ), = P(yo,xo)

Xo = GO(yO)_)II}COin{AI(x()’P(yoﬂxO))_'_VI(P(yOD'XO))}

Yo is known and from now on successive decisions may be determined

X5 Xy 5eees Xy ys x;:Go(yo)_))ﬁ:P(yO’xg)
xl*:Gl(yl)_)yZZP(ny;)

%k %k
Xy =Gy, (y N-2 ) —> Yy =P (y N-2> xN—2)
% ES
Xy =Gy (yN—l)_) YN = P(yN—lﬂxN—l)
i HUMAN CAPITAL it Uty o o IS
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Multicriteria optimization

X —decision variables vector

F (x),F,(x), ... ,F,(x) —performance indices

; X
%k * %
X
HUMAN CAPITAL sooarines
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Multicriteria optimization

Synthetic performance index

F(x) = H(F,(x), Fy(x),..., F¢ (%))

H(.) — monotonic for all variables

K
e. g.: F(x) — kz_;aka(x) | F =o,F(x)+a,F,(x)+a,F;(x)

K
where: Zak=1, ak>0, k=1,2,...,K
k=1

F(x)=]]1F®

x — F(x )=min F(x) r .
xe?, x"
i HUMAN CAPITAL N soon D
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Multicriteria optimization

A selected performance index is optimized,

Upper limits for values of another performance indices are specified.

Let F|(x) be a selected performance index

F(x)<pB,, k=23,...,K

Requirements for performance indices are met

@j:@cm{xe@‘? P (x)< B, kzZ,...,K} B

2

¢S FG)=minFx)
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Multicriteria optimization

Ranked/prioritized performance indices

Fx)>F,(x)>~...>F.(x) x€Y
Step 1. @Cl :@C

X = F,(x;) = min F, (x)
x1

Step 2. @cz = @Cl m{x c R> :Fi(x)ﬁ E(xl*)‘F 7/1}

X > F(x3) = min F, (x)
x2
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Multicriteria optimization
stepK. D =Y N {x e R :FK—I(X)S Fi(x;;—1)+ 71(-1}

Xy =Xg = F(xg)=min F (x)

xe%k
| Fz(x )+ Fl(x) 1(xf‘)ﬂ/1
i R R T A
F(x) =
20) et )< Al ) 7]
Xy | el
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Non-dominated solutions

X, X, €Dy @Vje{l, 2,...,K}E|ie{1, 2,...,K}
F,(x)> F,(x,)= F(x)<F(x,)
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Exam

e Term 0: 23.06.2025. (Monday)

room D 3.1, building C-16, time: 91>-11%
e Term 1: 7.07. 2025. (Monday)

room D 3.1, building C-16, time: 91>-11%

e Term 2: 14.07. 2025. (Monday)
room D 3.1, building C-16, time: 91>-11%
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Term ,,zero”- necessary conditions

* Positive grades from practice (classes) and laboratory
i.e. 23.0 not later then ,,zero” term

* Final grade proposition mean value integer number

l.e.:
[practice (classes)+laboratory]

2
 Must be present during ,,zero” term (otherwise
reject bonus)

 Final grade = > 3.5
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e About marks from this semester | will be
informed by my assistants.

* About marks from previous years you must
inform me by mail sending positive mark form
JSOS (USQOS) system with name of teacher,
name of student and index number.
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Thank you for attention
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